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Answers

This page contains answers only. Detailed solutions are on the following pages. Please note that
the detailed solutions include more work than you will need to do, I just wanted to include all the
steps for your practice.
1. (a) 21 =3,22=1,23 =2
b) s=-22-Ly=-22+12==2

(¢) No solution

—4
2. (a) | 3
1 -2 3 1
(b) Yes, B3—¢c3) [0 +(1+ec3)[ 1 | +c3|—1] =|1] where ¢z is any real number
3 0 3 9
(¢) No
(d) by € span{vy,va,vs}, by & span{vy,va, vs}
(e) No
3. Yes
1 5 0 3
T9 1 0 4
4. (a) |zs| =10+ |1]s+ | O [t wheres,t are any real number
Ty 4 0 -9
I5 0 0 1
1 0 -3 —4 -2
To 0 1 0 0
| | o 0 —2 0
(b) e | = 0 + NE + 1 t+ MK where s,t,u are any real number
Ts 0 0 0 1
Te 1/3 0 0 0

(a
(b

) Linearly independent

)
(¢) Linearly independent

)

Linearly independent

(d) Linearly dependent



1. Solve the following systems using row operations:

(a) x1 4+ xo + 223 =38
—I1 — 21‘2 +31173 =1
3£U1 — 7.%2 +4£E3 =10

Solution. Write as the augmented matrix and use row operations to solve:

1 1 2

8 1 1 2|8 ) 1 1 2 8
1 —92 3|1 | BatBemBe [ 1 5| g | BBt R [y 1 5 9
3 =7 4|10 3 =7 41|10 0 —-10 -2 | -14
1 1 2 1 1 2 8
—Ro—Ro O 1 _5 _9 10R2+R3s—R3 0 1 _5 _9
0 —-10 -2 | -14 0 0 —-52|—-104
1R R 1 1 2 8 Rt R 1 1 218
207 (o 1 —5] -9 stlezie o 1 01
0 0 1 2 0 0 1]2
1 1 014 1 0 03
—2R3+R1—R1 O 1 0 1 R1—2R>— R, O 1 0 1
0 0 1]2 0 0 1]2
This last matrix shows that 1 = 3,29 = 1,23 = 2 is the unique solution. O

20 +2y+22=0
—2x+5y+2z2=1
8r+y+4z=-1

Solution. Write as the augmented matrix and use row operations to solve:

2 2 2 2 2 210
) 5 2 1 Ri+Ro—Ro 0 7 4 1 —4R1+R3s—R3
8 1 4| -1 8 1 4| -1
2 2 2[0\ ,. . (11
R2+R3—R3 0 7 411 RA2! 1 0 7
0 0 00 0 0
1 1 1 0
1Ry—R _
TR 0 1 47| 17| SRR,
00 O 0

2 2
0 7 4
0 -7 —4
10
41
00
10 3/7
0 1 4/7
00 0

-1

~1/7
1/7
0

We have a row of zeros, and so we are missing a pivot in the third column. So z is a free
variable, let z = z. From the second row, we have that

+éz—1:>
Yyr72=7=Y

From the first row, we have that

—1—3 1:
T+ oz=—g=>2=
7 7

41
7 7
3 1

—-z— .
7 7



Thus the solution is x = —%z — %y = —%Z + %,z = z.
Author’s note: T want to point out here that I didn’t get a 1 in the first row, first column
right away. The reason why is that we had nice numbers to cancel out some of the other

terms in the same column. O
(¢) —2b+3c=1

3a+6b—3c= -2

6a +6b+3c=5

Solution. Write as the augmented matrix and use row operations to solve:

0 -2 3|1 0 —2 3|1 3 6 -3|-2
3 6 —3|_—2| 2Rthi g g 3] o) e g o 3|
6 6 3|5 0 -6 9 |11 0 -6 9 |11
. 3 6 —3]-2 3 6 -3|-2

Eihuai=N I W, S T A N cich i N () R B S S |

0 -6 9 |11 0O 0 018

This last equation says 0 = 8 which is false, so there is no solution.

Author’s note: 1 want to point out here that I didn’t try get a 1 in the first row, first
column. The reason why is that we had nice numbers to cancel out some of the other

terms in the same column and there ended up being no solution. O
1 -2 3
2. Let vi=|0],ve = 1 |,vg=1[-1
3 3

(a) Find 3vy 4 2vy — vg.

Solution.
1 -2 3 3—4-3 —4
3V1+2V2—V3:3 0] +2 1 — -1 = 0+2+1 = 3
3 0 3 940—-3 6
O
1
(b) Can by = [ 1 ]| be written as a linear combination of v1, va, and v3? If so, find it.
9

Solution. Set up a linear combination of v1, va, and vg and set it equal to by:

1 —2 3 1
c1 (0] +co 1 +e3| -1 =11
3 0 3 9



Our goal is to find ¢q,co,c3. If we can find a solution, then there exists such a linear
combination; if there is no solution, then there does not exist such a linear combination.
Write as the augmented matrix and use row operations to solve:

1 -2 3|1 1 -2 3|1 1 -2 3|1
0 1 —1|1|28dfszls g g |q | BBl g 1 ]
3 0 319 0 6 -6|6 0 0 o010
2R2+R1*>R11013
2Rtz l g 1 11
00 010

The third column is missing a free variable, and so c3 is a free variable. We therefore
have infinitely many solutions, and so there does exists a linear combination of vy, va,
and vz that equals bq.

Set c3 = c3. From the second row, we have that

co—cg=1=co=14cs.
From the first row, we have that
c1+c3=3=c=3—cs.

Plug these values into the linear combination we wrote at the beginning:

1 -2 3 1
(3*63) 0 +(1+03) 1 +c3 —1 = 1
3 0 3 9
O
1
Can by = [ —4 | be written as a linear combination of vy, vo, and v3? If so, find it.
)

Solution. Set up a linear combination of vy, va, and vz and set it equal to bg:

1 -2 3 1
c1 0] +co 1 +e3| -1 =1[-4
3 0 3 )

Our goal is to find ¢, co,c3. If we can find a solution, then there exists such a linear
combination; if there is no solution, then there does not exist such a linear combination.
Write as the augmented matrix and use row operations to solve (use the same steps as
in part (b)):

1 -2 3 1 -2 3 1 1 -2 3 1
0 1 —1]| 4| ZBBtRs=Rs g | _q | gy | ZSFeHemRs [0 | 4
3 0 3 5 0O 6 —-6| 2 0 O 0 26

The last row tells us that 0 = 26, which is false. There is no solution, and so there does
not exists a linear combination of vy, va, and vg that equals ba. O



(d) Are by, ba in span{vy, vz, v3}? Use your results from parts (b) and (c).

Solution. Recall that span{vy,va,vs} is the set of all possible linear combinations of
v1,Va,vs. In part (b) we found that we could write by as a linear combination of these
vectors, hence by € span{vy,va,vs}. In part (¢) we found that we could not write ba
as a linear combination of these vectors, hence by ¢ span{vy,va, vs}. O

(e) Does {v1,V2,Vvs} span R3?

Solution. We have the following theorem: If A is an m x n matrix, its columns span R™
if and only if A has a pivot in each row.
We construct A out of our vectors and apply the same row operations as earlier:

1 -2 3 1 0 1
A=10 1 —-1]—..—1(0 1 -1
3 0 3 0 0 O
We have three rows but only two pivots. There is not a pivot in each row, hence the
column of A (which are vy, va,v3) do not span R3. O
0 0 4
3.Letvi=| 0 |,va=|-3],va=|—1]. Does {vi,va,vs} span R*? Why or why not?
-2 8 -5

Solution. We have the following theorem: If A is an m X n matrix, its columns span R™ if
and only if A has a pivot in each row.

We construct A out of our vectors and apply the same row operations as earlier:

0 0 4 2 8 -5
A=|o0 -3 —1|B=B 0 3 1
2 8 -5 0 0 4

We have three rows and three pivots. There is a pivot in each row, hence the column of A
(which are vq,va,v3) span R3. O
4. Find the general solution of the system whose augmented matrix is given by

1 =30 -1 0 |-2
@ [0 1 0 0 —4|1
00 0 1 9|4

Solution. Let’s write the matrix in reduced row echelon form:

1 -3 0 -1 0 |-2 100 —1 —12]1
0 1 0 0 —4| 1 |22l g 1 0 0 —4 1
00 0 1 9|4 000 1 9 |4
. 1000 -3|5
ftlsmf Lo 1 0 0 —41

0001 9 |4



We have three pivots which correspond with x1, x2, 4. The columns with missing pivots
correspond with x3 and x5 so they are free variables. Let x3 = s, x5 = t. From the third
row we have that

Ta+ 925 =4=>24=4—925 = x4 =4 — 9L.
From the second row we have that

To—4drs =1= 29 =14+ 45 = 29 = 1+ 4¢.
From the first row we have that

1 —3x5 =5= 21 =54+ 315 = xr1 =5+ 3t.

Therefore the solution to the system is the vector

T 5+ 3t 5 0 3
To 144t 1 0 4
T3 | = s =0+ |1]|s+] O |t
T4 4 — 9t 4 0 -9
5 t 0 0 1
O
1 3 -2 0 2 0 0
2 6 -5 -2 4 -3|-1
0 0 5 10 0 15| 5
2 6 0 8 4 18| 6
Solution. Reduce the matrix:
1 3 -2 0 2 1 3 -2 0 2 0 0
2 6 _5 _2 4 —2R1+R2—>R2 O O _]. _2 0 _3 _].
0 0 5 10 O 0 0 5 10 0 15| 5
2 6 0 8 4 2 6 0 8 4 18| 6
1 3 -2 0 2 1 3 -2 0 2 0 0
—2R1+Rs—Rs |0 0 =1 -2 0 —3 —1 5Ra+Rs—R; [0 0 —1 -2 0 —-3|-1
Rk e BRAS<24 0 5
0 0 5 10 0 151 5 0 0 O 0O 0 O 0
0 0 4 8 0 18| 6 0 0 4 8 0 18| 6
1 3 -2 0 2 0 0 13 -2 0 2 0 0
4R,+Rs—Rs [0 O —1 -2 0 -3 1| $Ra»Rs |O O -1 -2 0 -3| -1
0 0 O 0 0 O 0 0 0 O 0O 0 0 0
0 0 O 0 0 6 2 00 O 0 0 1 ]1/3
1 3 -2 0 2 0 0 1 3 -2 0 2 0] 0
RsoRy |0 0O -1 =2 0 —-3| =1 | 3Rs+R:—>»R, |0 O =1 =2 0 0| O
0 0 O 0 0 1 |1/3 00 O 0 0 1/|1/3
0 0 O 0 0 0 0 0 0 O 0O 0 0] O



dent.

13 -2 0 2 0| 0 13 0 4 2 0] 0
-Rs—R, |0 O 1 2 0 0] O 2Rs+Ri—R, [0 0 1 2 0 0] O

00 0 OO0 1/|1/3 000 0O 1]1/3

00 0 O0O0O0O O 0000 0 O0]O0

We have two pivots which correspond with x1, 3, 6. The columns with missing pivots
correspond with x4, x4, x5 so they are free variables. Let zo = s, x4 = t, x5 = u. The
fourth row gives us no information. From the third row we have that

1
T6 =3
From the second row we have that
T3+ 204 =0= 23 = 24 = 23 = -2t
From the first row we have that

Ty +3rs +4x4 + 225 =0= 21 = —3x2 — 4wy — 205 = 1 = —3s — 4t — 2u

Therefore the solution to the system is the vector

T —3s — 4t — 2u 0 -3 —4 -2
To s 0 1 0 0
z3 | —2t 0 0 -2 0
| = ‘ 0 + 0 s+ 1 t+ 0 U
Ts U 0 0 0 1
Tg 1/3 1/3 0 0 0
O
5. Show whether the following sets of vectors in R? are linearly independent or linearly depen-
4 —4
—-11],110
2 2

Solution. We need to look at linear combination formula set to O:

4 —4 0
cg| 1) +ec2| 10| ={0
2 2 0

If ¢4 = ¢ = 0 then these vectors will be linearly independent; otherwise they are linearly
dependent. We can write this equation as the augmented matrix as use row operations
to solve:

4 =40\ . . (1 -1]0 1 —1]0
1 10 o) BT | 1 g0 |o| Btfemfe [ g |
2 210 2 210 2 200



—2R1+R3—R3 L =110 §R2—Ro 1 —110 —4R2+R3—R3 L —1)0
10 9 |0] ——— |0 1 |0O] ———= |0 1 1|0
0 410 0 410 0 010

R 1 0]0

2+R1— Ry 0 110

0 0|0

This shows that we have the unique solution ¢; = ¢ = 0. Thus the vectors are linearly
independent.

Another way: You can also use the fact that since we have two vectors that are not

multiples of each other then they must be linearly independent. O
-3 5 1
0o,{-11],1(1
4 2 3

Solution. We need to look at linear combination formula set to O:

-3 5 1 0
Cc1 0 4+ —-1]+c3|1] =10
4 2 3 0

If ¢; = ¢3 = ¢3 = 0 then these vectors will be linearly independent; otherwise they are
linearly dependent. We can write this equation as the augmented matrix as use row
operations to solve:

-3 5 110 1 7 410 1 7 4 0
0 —1 1|0 Bzl fg 1 p]o) Betamfs g 1 1 o
4 2 310 4 2 3]0 0 —26 -13|0
1 7 4 1 7 4 0 1R R 1 7 4
ZRemPRe g g 1 || 2BARemBRs [ 1 1 | 22T g 1 21
0 —26 —-131]0 0 0 =39|0 0 0 1
1 7 410 1 7 010 1 0 0|0
BstRomBRe [ 1 || ZetPaizl [ 1 oo 2B 2B [ 1 00
0 0 1|0 0 0 1|0 0 0 1]0
This shows the unique solution is ¢; = ¢3 = ¢3 = 0. Thus the vectors are linearly
independent. O
8 4
—11],10
3 1

Solution. We need to look at linear combination formula set to O:

8 4 0
ci|l-1]+e|0] =10
3 1 0



If ¢; = ¢ = 0 then these vectors will be linearly independent; otherwise they are linearly
dependent. We can write this equation as the augmented matrix as use row operations

to solve:
8 4]0 -1 0]o0 -1 0]o0
1 ofo0| Bl | g 4o Mt g 40
3 1]0 3 1]0 3 1]0
-1 0]o0 -1 o]0\ ~1 0]0
3R1+R3—R3 0 4 0 R2<+R3 0 1 0 —4R2+R3— R3 0 1 0
0 1]0 0 410 0 0/0
1 0]0
“Rizi g 10
0 0|0

O

This shows the unique solution is ¢; = ¢3 = 0. Thus the vectors are linearly independent.

Another way: You can also use the fact that since we have two vectors that are not
multiples of each other then they must be linearly independent.

-2\ /3 6 1
@ ol 2] [-1], (1
1 5 1 10

Solution. We need to look at linear combination formula set to O:

-2 3 6 1 0
il 0 )4+ |2 +es| 1)+l 1] =10
1 5 1 10 0

If ¢ = ¢; = ¢3 = ¢4 = 0 then these vectors will be linearly independent; otherwise they
are linearly dependent. We can write this equation as the augmented matrix as use row
operations to solve:

-2 3 6 710 1 5 1 =2 1 5 1 =2
0 2 -1 0 o] B2l 0 2 -1 o |of] Bxtfezfs, g o9 1 o
1 5 1 —-210 -2 3 6 710 0 13 8 3
15 1 -2]0 15 1 -2]0
OetfsoRe, (g g 1 o o) 220 1 14 3 |0
01 14 3 1|0 0 2 -1 010
1 5 1 =210
2Rt RsmRs [ 1 14 3 |0
00 —-29 —-61|0
O



At this point we notice that the fourth column is missing a pivot, therefore there is a
free variable. Since there is a free variable there will be a nontrivial solution, hence the
set of vectors is linearly dependent.

Another way: We have a 3 x 4 matrix, so we will always have less pivots than the number
of columns. This implies that we will have a free variable, which gives infinitely many
solutions which are not trivial. Therefore the set of vectors is linearly dependent.
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