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Sketch the phase portrait of the system. Is the solution stable, unstable, or semistable?

1. Solve the first order linear system

Solution. Find the eigenvalues:

A2
-1 —2-2X

‘——)\(2—>\)—(—2)—>\2+2)\+2—0

We use the quadratic formula:

P V2 —41)(2) = =147

2(1)
The eigenvalues are therefore A\ = —1 414, Ao = —1 — 1.
Find the eigenvector vy. For Ay = —1 + ¢, we have the system

A2 o —(=1+1) 2 0 1-i 2 |o
<—1 —2—)\0> - < —1 —2—(—1+i)0> - (—1 —1—i 0>
Pick either row. The bottom row says that —1x — 14 (=1 —4)ax2 = 0 or that x; = (—1 —i)z2. Setting
x9 = 1 yields the eigenvector
()
1 .

We now expand vqe*? using Euler’s identity ¢ = cosf 4 isinf and i? = —1:

vieMt = (_11_ Z> e(—1+t _ (_11_ Z) e tett = ¢t (_11_ Z> (cost +isint)

et —cost —isint —icost + sint
o cost +isint

ot —cost +sint 4t —Slnl-f—COSt
cost sint

The general solution is x = ¢y Re(vie?) + colm(vie?t), or

X = cie~t —cost +sint 1 oeet —sint — cost
- cost 2 sint

Since e™* — 0 as t — o0, the solution is stable. The phase portrait is a spiral converging to the
origin. O
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