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Detailed Solutions

1. Solve the given initial-value problem:

dy _y* -1

92) =2
Ir = 2T y(2)

Solution. This is a separable equation. Rewrite with y’s on one side and z’s on the other:

dy dx

y2—1:x2—1.

We must use partial fraction decomposition to integrate both sides. Start by factoring the denomina-

tors:
dy B dx
(y-Dy+1)  (2-1(x+1)
The partial fraction decomposition of the left hand side is
1 A B
G-+ y-1 y+l

To find A, B, clear the denominators by multiplying both sides by (y — 1)(y + 1) and combining like

terms:
1=Ay+1)+By—1)
1=Ay+A+By—B
1=(A+B)y+A-B

Set like terms equal to each other to get the following system:

A+B =0
A-B =1
which has the solution A = %, B = —%. Therefore the partial fraction decomposition of the left hand
side is ) )
1 _ 3 3
=D+ y-1 y+1
The right hand side also has the same partial fraction decomposition:
1 1
1 _ 3 _ 3
-1 z+1

(r—1)(z+1) =

We now integrate both sides:

1 1 1 1

2 2 d :/ 2__ 2 \q

/(y—l y—i—l) Y z—1 z+1)"
1 1 1 1

§1n|y—1|—§ln|y—|—l|:§1n|x—1|—§ln|sc—|—l|—|—0

Injy—1—Injy+1|=h|lz -1 —Injz+1]+C

We will now plug in the initial value. When = =2,y = 2:
Inj2—1—-In24+1=m]2-1-Im2+1]+C = C=0.

Therefore the implicit solution is
Inly—1—-Injy+1|=Injz — 1] —ln|z + 1].



Since the problem didn’t give instructions of whether to solve for the solution implicitly or explicitly,
you can leave it in implicit form. If you wish to solve for it explicitly, combine the log terms:

-1
ln‘y =In
y+1

x—1
z+1

Take the exponential of both sides and then solve for y

x
— = = —-1= 1) = - = 1
ytrl 241 Y A T L A |
z—1
z—1 z—1 +1 r—1+x+1
= — = 1 = = o+l = =
y( x—l—l) P S Y i ri—(@-1)
y=x
O
. Solve the following differential equation:
dy
1)-—==- 2 20e™*
(2 4+ 1) = ~( +2)y + 2ue
Solution. This is a first order linear equation. Rewrite in standard form:
dy _ dy x+2 2xe "
1)— 2y =2xe”* = = =
(z+ )dsr:Jr(er Jv e dx+$+1y z+1
We have that 49 1
x
P(x) = =1
(z) z+1 z+1
(use long division or write  + 2 = x + 1 + 1), therefore our integrating factor is
1
= exp </ P(x)dx) = exp </ <1 + -i-l) d:r) =exp(z+In|z+1]) = e IPHH = (2 + 1)e”.
x
Multiply p by the standard form equation:
dy x+2 2xe™"
1)e” | == = 1)e?
(+1)e (dz+x+ly> (@+1)e (erl)
2+ 3y @ 2+ 3y oy
(x+1)e" =+ (r+2)"y=2x = (z+1)e + [(x+ 1)y =22
dx dx
([(z +1)ely) = 22
Integrate both sides:
(x4 1)e"y = /2l‘de‘ = (z+1e"y=2+C
Solve for y:
_ 2?2+ C
(x4 1)em
O

. Consider the differential equation (6xy> + cosy)dz + (2kx?y? — xsiny)dy = 0.

(a) Find the value of k so that the given differential equation is exact.

(b) Solve the equation using your value of k from part (a).



Solution. (a) We need to find the value of k such that M, = N,.
M = 6zy® +cosy N =2ka?y? — xsiny

M, = 18zy* —siny N, = 4kay?® —siny
We need 4k = 18, or k = g.
(b) Substitute k& = 3 into the equation above:

(6zy® + cosy)dx + (92y? — xsiny)dy = 0.
Let’s check that our equation is indeed exact.
M = 6zy® +cosy N =92%y* — xsiny
M, = 18zy* —siny N, = 18zy* —siny

M, = N, so our equation is exact. Recall that we need to find an f such that g—i = M and

g—f = N. First we integrate M with respect to x:
y

f(z,y) =/de+9(y) =/(6xy3+cosy)dw+g(y)
= 32°y® + zcosy + g(y)

Then we take the derivative of f with respect to y and set it equal to N:

0
(,ﬂ)—y(39172y3 +xzcosy + g(y)) = 92%y* — xsiny

92%y? —xsiny + ¢'(y) = 92%y* —xsiny = ¢ (y) =0
Therefore g(y) = const.. Plug this into f above and set f(z,y) = C:

322y 4+ xcosy = C.

4. Show that the equation
(x2y + 4y)dy + zdz = 0

is not exact, then find the appropriate integrating factor to make the equation exact. Solve the initial
value problem given y(4) = 0.

Hint: Put your equation in the correct form before you begin.

Solution. Rewrite the equation in the form Mdx + Ndy = 0:
xdx + (x?y + 4y)dy = 0.

We need to show that the equation is not exact, so we need to show that M, # N,.
M=z N=zy+4y

M,=0 N, =2y
Clearly M, # N,.

Now we will try and find an integrating factor:



e Check if w is a function of z alone:

M,— N,  —2xy —2xy 2z

N Ty +4y (22+4)y a2 +4

is a function of z alone, so this is a possibility.

e Check if % is a function of y alone:

Nw—My_Qa:y_

M r 2y
is a function of y alone, so this is also a possibility.
e Check if i\kf_lﬁ’[ is a function of xy:
N, — M, 2xy

oM —yN 22 — 2292 — 492
is not a function of xy alone, so we will not use this method.

So we see that we could use either the first two to find an integrating factor. We will show both.

If we use the first equation:

2x
uw= exp </ —de) = exp (— 111(,{1;2 + 4)) —

1
22 +4
Multiply p by the equation:

T
Let’s check to see if this equation is exact:

o
244

My,=0 N,=0

N=y

Clearly M, = N, so the equation is indeed exact. We need to find an f such that % = M and
g—i = N. First we integrate M with respect to = (use the substitution u = 2% + 4, du = 2zdx):

flz,y) = / %de +9(y) = %m(ﬁ +4) +g(y)

Then we take the derivative of f with respect to y and set it equal to N:

a% (; In(z? +4) + g(@/)) =y

Integrate ¢'(y):

Plug this into f above and set f(z,y) = C:
1 1
3 In(2? +4) + §y2 =C.

If we use the second equation:

N, — M, 2
L = exp (/m]wydy) = exp (/2ydy> =eY



Multiply u by the equation:
2 2 2
ze¥ dr + (z2ye¥ + 4dye? )dy =0

Let’s check to see if this equation is exact:
M=ze¥" N= x2y6y2 + 4yey2
2 2
M, =2zye? N, = 2zyeY

Clearly M, = N,, so the equation is indeed exact. We need to find an f such that % = M and

% = N. First we integrate M with respect to x:
y

f(z,y) */de+g(y) :/xedeﬂf+9(y)
1

2
)

Then we take the derivative of f with respect to y and set it equal to N:

9 (1 4 2 2 >
3y (2x2ey —|—g(y)> = 2?ye’” + dyeY

22ye?” +g'(y) = 2Py’ +aye’ g (y) = dye?’.
Integrate ¢’(y) using the substitution v = y?, du = 2ydy:

g(y) = /4yeyzdy = /2e“du = 2¢% = 2¢¥°
Plug this into f above and set f(z,y) = C:
%x%yz 12 =C.
You can verify yourself that these two solutions are equivalent. O

. Show that y; = 22 and y» = z?Inx are linearly independent solutions of the homogeneous equation
3,/

23y — 2xy’ + 4y = 0 on the interval (0, 00).

Solution. We need to show two things:

e y; and y, are solutions to the given equation
e y; and ys are linearly independent

2 ",

Let’s first verify that y; = 2 is a solution to the given differential equation. Find v}, v, v{":

2

=
Y =2
yi =2
i’ =0
Then
x3y"’ . 2:1cy’ +4y = xQ(O) —2z(2z) + 4(%2) =0,
as desired.



Now let’s verify that yo = 2% Inz is a solution to the given differential equation. Find v, 4, 4"

yo =z’ Inx
Yy =2xInz +
yh =2lnr+2+1=2Inz+3

2
mo__ 4
Y2 = -
Then
3,1 / _ .3 2 2
2y = 2xy' +4dy=2(— | —2z(2zlnz+ ) +42*lnx
T
=222 —42%Inx — 222 + 42%° Inz
as desired.

Now let’s show that the solutions are linearly independent. We need to show that W (yy,y2) # 0:

x? 2?lnz

2¢ 2xlnz +x

Y1 Y2
!

Y Yo

W(y1,y2) = =2?(2zInz +2) — 222 Inz = 2® £ 0,

since we are on the domain (0, 00). Therefore the solutions are linearly independent.

. Use reduction of order to find a second solution ys to the differential equation
4t2y// +y= 0
given that y; = t'/?Int is a solution.

Solution. Let yy = vy; = v(t'/?Int). We need to find v, yy:

1
yh =o' (Y2 Int) + v(t/2Int)) =o' (/% Int) + v (215_1/2 Int + t_1/2>
1
=o' (t"?1Int) + v (t1/2 (2lnt+ 1>>
0 i1)2 112 v oo (=172 (1 a2 (1 /
yo =0 (7 Int) + 0"t/ Int) + 0" (¢ §lnt+1 +olt 51nt+1
=" (1% Int) + 20 ¢71/? llnt—i—l +v —1t73/2 1lnt—|—1 —|—t*1/2~l
2 2 2 2t

1 1
=" (tY?1nt) + 20 (t—1/2 (2 Int+ 1)> +v (—41&‘3/2 lnt>

Now plug these into the original equation:
1 1
42y" + y = 4t? (v”(tl/2 Int) + 20 (t‘1/2 (2 Int + 1)) +v (—4t‘3/2 In t)) +v(t/?1nt)
1
= 40"t/ % Int 4 8% (t—1/2 <2 Int + 1)) — 20 (t—3/2 In t) +o(t/2Int)

1
= 4"5/2 Int + 8t/ (t_1/2 (2 Int + 1))

Now set this equal to O:
1
40" 152 Int + 8t (t—1/2 (2 Int 4 1)) =0



Let w = v/, then w’ = v"":
1
4w't>? Int 4 8t%w <t‘1/2 (2lnt + 1)) =0

This is a separable equation. We can rewrite w’ as % and get w’s on one side, t’s on the other:

d 1
4d—1:t5/2 Int = —8t2w (t—1/2 (2 Int + 1))

dw =2t (72 (§Int + 1))

w t5/2Int
Simplify the right hand side:
—t32Int—263/2 1 2
t5/21nt Tt tlnt

/dw / 1 2
— = —— — —— | dt
w t tint

On the right hand side you will need to use the substitution a = Int,da = %dt:

Integrate both sides:

In|w|=—1Int| —2In|Int|

Now solve for w. But first we need to combine the log terms on the right hand side:

In |w| =In

1
- +1
t’Jr n

1
(Int)?

1
t(Int)?

In |w| =In

Take the exponential of both sides:

But, w = v/, so

and using the substitution a = Int, da = +dt,

Therefore

7. Solve the following initial-value problems:
(a) ¥" =2y +y=0,9(0) =5,y(0) =10
(b) ¥ +12y" + 36y’ = 0,y(0) = 0,4'(0) = 1,y"(0) = -7
(c) y" + 16y =0,y(0) = 2,%'(0) = -2



Solution. (a) y” — 2y’ + y = 0 has the characteristic equation
P2—2r+1=0 = (r—1)%=0 r=1mult. 2

Therefore the general solution is y = cjet + cote!.We need to plug in the given initial conditions.
When t =0,y = 5:
5=c1+c-0 = ¢ =5.

Therefore y = 5et + cotet. Find y':
y' = b5e + co(e’ + teh)

When ¢t =0,y = 10:
10=54¢c; = c3=5.

Therefore y = 5et + 5tel.
(b) vy 4+ 12y” 4+ 36y’ = 0 has the characteristic equation

P12 +36r =0 = r(r?*+12r+36)=0 = r(r+6) =0 = r=0,7=—6mult. 2

Therefore the general solution is y = c1€% + coe 5 + cste 5%, or y = ¢1 + coe % + cste %, Find
y' and y"":

y' = —6cye % + c3(e7 6 — 6te67)

y" = 36c2e7 5" + c3(—6e75" — 670 + 36te )

Plug in the initial conditions. When t =0,y =0,y = 1,y = -T:

0 =C1 + Co
1= —6¢cy + c3
-7 = 3602 — 1263
The solution to this system is ¢; = %, Cy = —35—6,(:3 = %. Therefore y = % — 3%6_& + %te‘ﬁt.

(¢) 3y’ + 16y = 0 has the characteristic equation
P?+16=0 = r==4i
Therefore the general solution is y = ¢; cos 4t + co sin4t. Find y':
y' = —4cy sin 4t + 4cp cos 4t.

When t =0,y =2,y = —2:

2= C1
—2 = 402
which has the solution ¢; = 2,¢5 = —%. Therefore y = 2 cos 4t — %sin 4t.

O

8. Suppose you are solving the equation y” + P(t)y’ + Q(t)y = g(t), where P(t) and Q(t) are constants,
using the method of undetermined coefficients. Complete the table below. Assume g(¢) has no function
in common with the homogeneous solution yy,.

10



g(t) Form of y,
3t2 -2 (a)
(b) Aebt
612 +2 — 1272 (c)
e3t sin 4t (d)
(e) (At + B)e™ 3t
1—t%et (f)
3cos2t (g)
(h) At+ B
4t(1 + 3sint) (i)

List your solutions for (a) - (i) below:

Solution. (a) g(t) is a second degree polynomial, so we must guess a second degree polynomial:
yp = At + Bt + C

(b) yp is an exponential function, so g must have also been an exponential function: g = 100e5¢
(answers will vary)

(c) g(t) is a second degree polynomial added to an exponential function, so we must guess a second
degree polynomial added to an exponential function: y, = At*> + Bt + C' + Ee 2.

(d) ¢(t) is an exponential function multiplied by a sine function, so we must also guess an exponential
function multiplied by a sine function (we will also have to include a cosine function since sine
and cosine come in pairs): y, = Ae> sin 4t + Be3! cos 4t

(e) yp is a first degree polynomial multiplied by an exponential function, so g must have been a first
degree polynomial multiplied by an exponential function: g = 18te=3! (answers will vary)

(f) g(t)is a constant term added to a second degree polynomial multiplied by an exponential function,
so we guess the same thing: y, = A + (Bt*> + Ct + E)e™*

(g) g(t) is a cosine function, so we must also guess a cosine function (we will also have to include a
sine function since sine and cosine come in pairs): y, = Acos 2t + Bsin 2t

(h) y, is a first degree polynomial, so g must have also been a first degree polynomial: ¢ = —t + 3
(answers will vary)

(i) Distribute first:
g =4t + 12¢sint

g is a first degree polynomial added to a first degree polynomial multiplied by a sine function, so
we must also guess the same thing (we will also have to include a cosine function since sine and
cosine come in pairs): y, = At + B+ (Ct + E)sint + (Ft + G) cost

O

9. Solve the given differential equation using the method of undetermined coefficients.

y" + 2y = 3 + 4sin 2t.

11



10.

Solution. We first find the homogeneous solution:
y// + Qy/ — O
has the characteristic equation

r?4+2r=0 = 7r(r+2)=0 r=0r=-2

therefore the homogeneous solution is y, = ¢1 + coe 2.

Now we guess a particular solution. g(¢) = 3 + 4sin 2¢, which is a constant term added to a sine term.
We must also guess the same thing, but we will need to include a cosine term as well since sine and
cosine come in pairs:

yp = A+ Bsin2t + C cos 2t.

Now we compare with yj, to check if there are any solutions in common. Notice that y, has a constant
term in common with y (c1), so we must multiply our constant A by ¢ (“bump it up”) so there is no
more overlap:

yp = At + Bsin 2t + C cos 2t.

We compare again with y;, and we see there are no more solutions in common, so this is our final
guess.

Find y,,, y,:

Yy, = A+ 2B cos2t — 2C'sin 2t
y, = —4Bsin2t — 4C cos 2t

Substitute these values into our equation above:

y" + 2y = —4Bsin 2t — 4C cos 2t + 2(A + 2B cos 2t — 2C'sin 2t)
= —4Bsin 2t — 4C cos 2t + 2A + 4B cos 2t — 4C'sin 2t

Set this equal to g(¢):
—4Bsin 2t — 4C cos 2t + 2A + 4B cos 2t — 4C'sin 2t = 3 + 4 sin 2t

Set like terms equal to each other:

2A=3
—4B —-4C =14
—4C+4B =0
The solution to this system is A = %,B = —%,C = —%, therefore the particular solution is vy, =

%t — % sin 2t — % cos 2t. The general solution is y = yn + yp:

3 1 1
y=rc1+ cze_Qt + it — gsin2t -3 cos 2t.

Solve the given initial-value problem.
Y+ 4y +4y=B+t)e , y(0)=2,4(0)=5
Solution. We first find the homogeneous solution:

y'+4y' +4y =0

12



has the characteristic equation
P rdr+4=0 = (r+2?=0 = r=-2mult. 2

therefore the homogeneous solution is y, = c1e™2 + cote ™2t

We can use either the method of undetermined coefficients or variation of parameters to solve this
equation. We will do both.

Undetermined coefficients: We need to guess our particular solution. g(t) = (3+1t)e
polynomial multiplied by an exponential term. We must also guess the same thing:

yp = (At + B)e

2t is a first degree

Now we compare with yp, to check if there are any solutions in common. Notice that y, has both e=2
and te~2" in common with yp,, so we must multiply y, by ¢ (“bump it up”):

yp = t(At + B)e
We compare again with yp,, and we see that y, has te™?! in common with yj, so we must multiply y,
again by ¢ (“ bump it up”):

yp = t2(At + B)e
We compare again with y,, and we see there are no more solutions in common, so this is our final
guess.

Find y,, v,
yp = (At® + Bt?*)e
y, = (3At* + 2Bt)e " — 2(At® + Bt*)e™*
yy = (6At + 2B)e™ " — 2(3At* + 2Bt)e”* — 2(3At* + 2Bt)e” > + 4(At® + Bt*)e
Substitute these values into our equation above:
y' + 4y + 4y = (6At +2B)e * — 4(3A% + 2Bt)e " + 4(At® + Bt?)e
+ 4 ((3At* + 2Bt)e " — 2(At® + Bt?)e ") + 4(At® + Bt*)e
= (6At + 2B)e %" — 4(3At* + 2Bt)e™ " + 4(At® + Bt?)e ' + 4(3At* + 2Bt)e !
— 8(At® + Bt?)e " + 4(At? + Bt*)e !
= (6At +2B)e

Set this equal to g(¢):
(6At +2B)e % = (3 +t)e 2!
Set like terms equal to each other:
6A4=1
2B=3
The solution to this system is A = }, B = 2, therefore the particular solution is y, = (5t + 212) e 72",
The general solution is y = yp, + yp:

1 3
Y= cle’275 + CQt€72t + <6t3 + 2t2> e 2.

Variation of Parameters: Let y; = e 2!, yo = te~2' (these come from y; above). Then

—2t -2t
W= gi ZZ - —626_2t e_Qtti 2| = 67%(67% - 2t€72t) - (_2672t)(t€72t) =e %
0 0 te™2t - B )
W= g ZZ B ‘(3 +t)em2 72t _ 9te=2t| T —(3+t)e H(te ) = —(3 4 t)te
0 o2t 0 ) . _
W2 = ii g‘ = —267% (3 +t)672t =e 2t(3+t>e 2t _ (3+t)e 4t

13



11.

Find uq, us:

Wi —(3+t)te ™ 2 2 3o 13
e i Al ul:/(—?)t_t)dt:_it X
3 t —4t 1

u§:W2:%:3+t N ugz/(3+t)dt:3t+§t2

The particular solution is y, = u1y1 + u2y:

3, 1.\ _ 1 _
Yp = (2152 - 3t3> e+ (St - 2t2> te= 2t

3 1 1
= 7*21526 2 _ *31536 2t + 3te 2t + fzt?’e*zt
30 —op 1 o
= —t + -t
5 e 5 e

The general solution is y = yp, + yp:

1 3
Y= 6167% + CQt@iZt + (67,‘3 + 2t2> e 2.

We aren’t finished! We need to find ¢, co given y(0) = 2,¢'(0) = 5. Find y":
1 3

Y= cle_2t + 02t6_2t + <6t3 + 2t2> e 2t

1 1 3
Y = —2cie” % 4 cy(e? — 2te™?) + <2t2 + St) e 2t -2 <6t3 + 2t2> e

When t =0,y =2,y = 5:

=
5= —2c1 +co
The solution to this system is ¢; = 2, ¢ = 9, therefore the general solution is
y=2e 2t +9te ! + <(15t3 + gt2> e 2t

Find the general solution of the given differential equation using variation of parameters.

Yy’ +y =tant

Solution. We first find the homogeneous solution:
Y +y=0
has the characteristic equation
P?4+1=0 = r=xd%i
therefore the homogeneous solution is y = ¢1 cost + co sint.

Let y1 = cost,ys = sint. Then

W = y} y,2 = CO.St sint =cos’t +sin’t =1
Y Yo —sint cost
. -2
sin“ ¢
wy =0 Yl =] O s tant = —
g Ya tant cost cost
t .
Wy = y,l 0 = CO.S 0 =costtant =sint
Y1 g —sint tant

14



Find u; and ws:

, Wi sin? ¢
u1 = — = —
w cost

.2 2

sin” ¢ 1 —cos*t

= ulzf/ dt:7/7dt:7/(sectfcost)dt:71n|sect+tant|+sint
cost cost

Wy .
uzzwzsmt
= uzz/sintdt:—cost

The particular solution is y, = u1y1 + u2ys:
yp = (—In|sect + tant| + sint) cost + sint cost = —costln|sect + tant|
The general solution is y = yp, + yp:

y =c1cost + cosint — costln|sect + tant|.

12. y; = cos(Int), y2 = sin(Int) are independent solutions of the equation
t2y" + ty' +y = sec(Int).
Find the general solution of the equation.

Solution. Use variation of parameters to solve. Write the equation in standard form:

1 1 sec(Int)
" / o
VT RYT T

We are given that the homogeneous solution is

yn = ¢y cos(Int) + cosin(Int).

Let y1 = cos(Int), yo = sin(Int). Then

Y1 Yo cos(Int) sin(lnt)| cos?>(Int) = sin®(Int) 1
W= ! = sin(In t) cos(lnt) | — + =7
AR - t t
W = 0 | | O sin(Int)]  sin(Int)sec(Int)  tan(Int)
1= g y/2 - scc)(ént) cos(tln t) | — 2 - 12
y1 O cos(Int) 0 1
Wy = = in(In n = 5
2 y/1 g' s (i t) SeC1(512 t) )
Find u; and wus:
u/ B % B tan(lnt) B tan(lnt)
1 — W - % -
n(l t i 1
/ (In /tanada:—/Smada:/fdbzln|b|zln\cos(lnt)|
cosa b
1
ul = — = —2 = —
2 W %
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For u; we used the substitutions a = Int,da = %dt, and b = cosa,db = —sinada. The particular
solution is y, = u1y1 + uays:

y = In|cos(Int)|(cos(Int)) + In |¢|(sin(Int)).
The general solution is y = yp, + yp:

y = cycos(Ilnt) + casin(Int) + In| cos(Int)|(cos(Int)) + In [¢|(sin(In t)).

. Solve the given initial-value problem:
0

<~} s w0 ()

Solution. We first find the eigenvalues. Our matrix is a lower triangular matrix, therefore the eigen-
values are the diagonal entries: \; = %, Aoy = —%. You can also calculate these the usual way:

1y 0 1 1 1 1
2 = | = — [ = = — = —_

Now use the equation (A — A\I)v = 0 to find the eigenvectors. When \; = %:

i-1 0 0 N 0 010
1 —3-1l0 1 -1/0

The second row tells us that x1 = x9, zo is free. Therefore the first eigenvector is vi = (1) ‘When

—
0y _ (1ofo
0 1 0|0

The first row tells us that x1 = 0, zo is free. Therefore the second eigenvector is vy = (O)

— D=

N|—=

1 1
<2+2 10 1
L =3+2

1

Since A1, Ao are real and distinct, then the general solution is

X=C (}) etl? + co (?) e~ t2,

Now plug in the initial condition. When ¢t =0, x = (3>

5
3 1 0
(5) = 1)+ ()
which yields the system
3= C1
5= c1+ co

The solution to this system is ¢; = 3, co = 2. Therefore the solution is

a1\ 2 0\ —¢/2
X—3(1>€ +2<1>e .
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14. Solve the given initial-value problem:

Solution. We first find the eigenvalues:

‘2—/\ 4

4 6_)\'(2/\)(6)\)+4128)\+>\2+4>\28)\+16(A4)20 = A=4mult. 2

Now use the equation (A — AI)v = 0 to find the eigenvectors. When A = 4:

2-4 4 0 N -2 410
-1 6—-410 -1 2|0

The second equation tells us that 1 = 2x9, x5 is free. Therefore we only get one eigenvector, and it is

2 . . . . . .
1) Since we only have one eigenvector, we will have to “bump up” our solution (i.e. there will
be a te*! term in our solution). We need to find a second eigenvector, so we now solve the equation

(A — )\I)Vg = Vi:
-2 4|2
-1 211
The second equation tells us that x1 = 2x5 — 1, x5 is free. If we let zo = 0 then the second eigenvector

= (o)
1S Vo = 0 .

Since A = 4 is a real repeated root and we only found one eigenvector in the beginning, then the general

solution is
2 2 -1
X=qC <1) et + co ((1) tett < 0 ) e4t>

Now plug in the initial condition. When ¢t =0, x = (61>:

(a) = () (i)

—1= 201 — C2

V] =

which yields the system

6201

The solution to this system is ¢; = 6,co = 13. Therefore the solution is

el (e ()
e (2 i)
(2)ers (B

15. Solve the given initial-value problem:

<o e so=(3)



Solution. We first find the eigenvalues:

‘G—A -1

=6-XNA=-N+5=24—10A+ XN +5=X2—-10A+29=0
5  4-—\

Use the quadratic formula to solve for :

\ 10 4 1/100 — 4(1)(29)  10++/—16  10+4i
B 2 B 2 )

=5+2¢

Therefore Ay =5+ 2i, \o = 5 — 2i.
Now use the equation (A — AI)v = 0 to find the eigenvectors. When A = 5 + 2i:

6 — (54 2i) ~1 0 N 1-2i -1 |0
5 4—(5+2i) |0 5 —1-2i|0

The first row says that (1—2i)x; = xo. If we choose 1 = 1, then the first eigenvector is vi = (1 _1 2i>'

1 .
1+ 22.) . The general solution is therefore

1 4 1 ,
_ (5+24)t (5—24)t
X_Cl<12z')e +C2<1+2¢>€ ’

however, we wish to write our answer as a real solution. Here we will expand both v;eM
and see why it is enough to only expand vie*? to get our solution.

1 . 1 . 1
(5+2i)t — 5t ,i2t _ 5t ..
(1 B 21’) e (1 B 22.) e’e (1 _ 2i> €”*(cos 2t + isin 2t)

5t cos 2t + ¢sin 2t
o cos 2t + i sin 2t — 24 cos 2t + 2sin 2t

5t cos 2t 4 et sin 2¢
= ¢ \cos2t + 2sin 2t "¢ \sin2t — 2 cos 2t
L (720t — 1 eSle™2t = 1 e (cos (—2t) +isin (—2t)) = ! " (cos 2t — i sin 2t)
1424 1424 1+2¢ 1424
5t cos 2t — 1sin 2t
¢ \cos2t — sin 2t + 2i cos 2t + 2sin 2t

— 5t cos 2t et sin 2¢
o cos 2t + 2sin 2t sin 2¢ — 2 cos 2t

t

The second eigenvector will then be vy = (

t t

and voe2

Notice that the expansions of vie? and voe*?? only differ by a sign! If you know the real and
imaginary part of one of the expansions, you already know the other. This is why we have only done
the expansion of vie*? in section. We plug these expansions into our general solution:

% — o (&5 cos 2t 4 et sin 2¢ e (e cos 2t et sin 2¢
- cos 2t + 2sin 2t sin 2t — 2 cos 2t 2 cos 2t + 2sin 2t sin 2t — 2 cos 2t
_ 5t cos 2t o 5t sin 2t
= (a1t ea)e (COS 2t + 2sin Qt) tiler —ea)e (sin 2t — 2 cos 2t

Relabel the constants to get the general solution

X — o ebt cos 2t 4 epedt sin 2t
=\ cos 2t + 2sin 2t €2 \gin2t — 2cos2t )’

which is just the real and imaginary parts of vie*t.
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Now we must plug in the initial value. When ¢t =0,z = (82>:

()=o) (%)

—2261

which yields the system

8201—202

This system has the solution ¢; = —2, ¢y = —5, therefore the solution is
o5t cos 2t 5t sin 2t
X =2 (cos 2t + 2sin 2t> b (sin 2t — 2 cos 2t
_ ot —2cos2t — Hsin2¢
o —2cos 2t — 4sin 2t — 5sin 2t + 10 cos 2t

_ Bt —2cos2t — 5sin 2t
B 8 cos 2t — 9sin 2t

16. Solvex' = -2 1 -2]x.

Solution. We begin by finding the eigenvalues:

1-X =2 2

-2 1-X =2 (IA)‘l_/\ —2

-2 1-=-2A

-2 =2

2 1-A 2 -2

R P Py
=1=XN[1T=-NA=X)—4]+2[-2(1 =) +4]+2[4—2(1 - \)]
=1 -2\ =21 —3) +2(2A +2) +2(2A +2)
=X —20 -3 - A +2X + 3N+ 4N+ 4+ 40+ 4
=N 43\ +9A+5
Let p(A) denote the polynomial above. Since the last term of p(\) is 5 and the first term of p()\) is 1,
the possible roots of p(\) are + 1i5 = +1,5. We then test each of these numbers until we get p(A) = 0.
Start with 1:

p(1)=—=14+3+9+5#0,
so 1 is not a zero of p(A). Move onto —1:
p(-1)=14+3-9+5=0,

so —1 is a zero of p(\). This implies that A — (—=1) = A + 1 is a factor of p(\). Use long division to
divide p(\) by A+ 1:

_\3 2
A +Z’;/\+41r9/\+5 s

Therefore p(A) = (A + 1)(—A? + 4\ 4+ 5) and can be factored as

p(A) = ~=(A+1)*(A = 5).

Therefore the eigenvalues are A = —1 mult. 2, A = 5.
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17.

Now we find the eigenvectors. Start with A = —1:

1—(-1) -2 2 0 2 -2 210 1 -1 1]0
—2  1-(=1) -2 |0 = -2 2 —2]0 = 0 0 0|0
2 -2 1-(=1)]0 2 -2 210 0 0 00

We have two rows of zeros, hence we have two free variables. The first row tells us that 1 = zo — x3.
We can write the general solution of the system as

T X9 — I3 1 -1
v= |z | = To =[1)axze+| O | x3
T3 T3 0 1

Choose x5 = 1,23 = 0, and then x5 = 0,23 = 1 to get the eigenvectors

1 -1
V] = 1 , Vo = 0
0 1
Notice that we have 2 eigenvectors which matches the multiplicity of the eigenvalue A = —1. This

means two things: we do not need to go find any more eigenvectors, AND we do not need to have a
te~t as part of our solution because we found two independent eigenvectors (i.e. we do not need to
“bump up” the solution). Now we find the eigenvector for when A = 5:

1-5 =2 2 0 -4 -2 210 1 -1 =210
-2 1-5 -2 10 = -2 -4 =210 = 0 1 1 1|0
2 -2 1-510 2 -2 —41|0 0 0 010
(We skipped a couple of steps.) The first row tells us that 27 = 22 + 223, and the second row tells us
that 9 = —x3. If we choose x3 = 1, then x5 = —1 and x; = 1. Therefore the third eigenvector is
1
V3 = —1
1

Therefore the general solution is

1
x=c |1]et+e| 0 Jet+es
0

1
Solve x’' = 2
0

o oW
N T O
%

Solution. We begin by finding the eigenvalues. Because our matrix is an upper triangular matrix, the
eigenvalues are the diagonal entries, hence A = 2 mult. 3. We now find the eigenvectors for \ = 2:

2—2 1 6 0 01 6|0
0 2-2 5 0 = 00 5|0
0 0 2-210 00 0|0

The second row tells us that x3 = 0, and the first row tells us that o = —6x3. But this implies that
xo = 0. x1 is our free variable, so we can choose it to be 1, and we get the eigenvector

1
V] = 0
0
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We only found one eigenvector, which is less than the multiplicity of our eigenvalue. This means two
things: we must find more eigenvectors, and we must have a te?’ in our solution (i.e. we must “bump
up” our solution). We find the next eigenvector by solving the equation (A — I\)vy = vy:

0 1 6]1
0 0 5|0
0 0 0|0
The second row tells us x3 = 0, and the first row tells us that xo = —6x3 + 1, which means that x5 = 1.

x1 is free, so if we choose it to be 0 then the second eigenvector is
Vo = 1
0
We need to find another eigenvector, so we solve the equation (A — I\)vs = va:
01 6|0
0 0 5|1
0 0 0|0

The second row tells us that z3 = %, the first row tells us that xo = —6x3 = —g. x1 is free, so if we
choose it to be 0 then the third eigenvector is

0
6
va= | -8
3 l5
5
Therefore the solution is
1 1 0 1 2 0
x=c |0 e+ |[|O)te®+|1]e®| +c5]]0 562t+ L)t + | =S| e*
0 0 0 0 0 i
O
4 0 1
18. Solvex'=1 0 6 0] x.
-4 0 4
Solution. We begin by finding the eigenvalues:
4— )\ 0 1
0 6-X 0 :(4—)\)’66)‘ 40A‘—0+1‘04 66A‘
—4 0 4— )
=A=N6=NA4—-X)+4(6-2N)
=(6-N[4—-XN4—-X)+4]
= (6 —\) (A% —8)\ +20)
We use the quadratic formula to find the eigenvalues of A\? — 8\ + 20:
+ /64 —4(1)(2 V- i
)\:8 6 ()(0):8j: 16:8142:412@'
2 2 2
Therefore the eigenvalues are \;y = 6, Ao =4+ 2i, \3 =4 — 2. When A\, = 6:
4-6 0 1 0 -2 0 110 -2 0 1|0
0 6—6 0 0 = 0 0 010 = 0 0 010
-4 0 4-610 -4 0 -210 0 0 —410
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The last row tells us that x3 = 0, the first row tells us that 2z; = x3 which implies that ;1 = 0. x5 is
free, so if we choose it to be 1 then we have the eigenvector

0
V] = 1
0
When Ay = 4 + 2i:
4—(4+2i) 0 1 0 —24 0 1 10
0 6— (4+2i) 0 0 = 0 2—2i 0 |0
—4 0 4—(442i) |0 —4 0 —2i |0

The second row tells us that (2 — 2i)ze = 0, or that xo = 0. The first row tells us that 2izy = x3. If
we choose x1 = 1, then we have the eigenvector

1
Vo = 0
2i
This implies that the third eigenvector is
1
V3 = 0
—2i
Therefore the solution to the system is
0 1 _ 1 _
x=ci [1] e +e| 0]y 0 |20,
0 2i —2i

however we want to write our solution as a real solution. Therefore we must expand voe*2* (you can

also do the same for vse*s? as seen in the solution to Problem 15, but it is enough to just do one
expansion):

1 _ 1 cos 2t + 1sin 2t

0 | e*e = | 0 | e*(cos2t + isin2t) = e 0

21 21 2t cos 2t — 2sin 2t

cos 2t sin 2t
= et 0 +iett 0
—2sin 2t 2cos 2t

Therefore the general solution can be written as

0 cos 2t sin 2t
x=c |1 €% + 0264t 0 + 03e4t 0
0 —2in 2t 2 cos 2t
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