Quiz 6 Solutions
March 5, 2016

1. Given that —1 and 4 are the roots of the characteristic equation, find the general solution of
the ODE
y" — 3y — 4y = 2sint + 4.

Solution. We are given that the homogeneous solution is

Yy = cleft + 62€4t.

We will use the method of undetermined coefficients to solve for the particular and general
solutions. (The method of variation of parameters can also be used, but is much more diffi-
cult.) We are given that g(t) = 2sint + 4. So we need to guess something with a sine term
and a constant. We will guess

yp = Asint + Bcost + C.
We need to plug this into the equation above, so we need to find 3’ and 3:
y, = Acost — Bsint
y, = —Asint — Bcost.
Then
y" —3y — 4y = —Asint — Bcost — 3(Acost — Bsint) — 4(Asint + Bcost + C)
= —Asint — Bcost —3Acost + 3Bsint — 4Asint — 4B cost — 4C
= (—A+3B —4A)sint+ (=B —3A —4B) cost — 4C
= (—5A+3B)sint + (—3A — 5B) cost — 4C.
Now set this equal to g(t):
(=5A +3B)sint + (—3A4 — 5B) cost — 4C = 2sint + 4.

Setting the coefficients of like terms equal to each other, we need to solve the system

—5A+3B=2
—34A-5B=0
—4C = 4.

The solution to this system is A = —%, B = +%,C = —1. Therefore

O gint+ - cost—1
= —— S1n — COSUT —
v =717 17 :

and the general solution is y = y5, + yp:

5 3
Yy = et +cze4t — ﬁsint—i— T?cost— 1.



2. Given that 1 is a double root of the characteristic equation, find the general solution of the
ODE ¢ — 2y’ +y = tet.

Solution. We are given that the homogeneous solution is
Yy = clet + 02tet.
We can use either the method of undetermined coefficients or variation of parameters for the

particular and general solutions. We will show both methods here.

Undetermined coefficients: We are given that g(t) = te?, which is a first degree polynomial
multiplied by an exponential term. We must also guess something with a first degree polyno-
mial multiplied by an exponential term, so we will guess

yp = (At + B)e'.

However, te! and e!

up”):

are already solutions to yp, so we need to multiply y, by t (“bump it

yp = t(At + B)e’.
However, te' is already a solution to yp, so we need multiply y, by ¢ again (“bump it up”):
yp = t2(At + B)e' = (At® + Bt?)e'.
We need to plug this into the equation above, so we need to find 3’ and y:
y, = (3At* 4 2Bt)e' + (At® + Bt*)e"
Yy = (6At + 2B)e’ + (3At> 4 2Bt)e’ + (3At* + 2B)e’ + (At® + Bt?)e!
= (6At + 2B)e" + 2(3At* + 2Bt)e’ + (At® + Bt?)e'.
Then
y' — 2y +y = (6At +2B)e’ + 2(3At? + 2Bt)e’ + (At® + Bt?)e' — 2[(3At* + 2Bt)e?
+ (At? + Bt?)e!] 4 (At? + Bt?)e!
= (6At + 2B)e’ + 2(3At? + 2Bt)e’ + (At® + Bt?)e' — 2(3At* + 2Bt)e’
— 2(At® + Bt?)e' + (At® + Bt?)e!
= (6At + 2B)e".

Now set this equal to g(t):
(6At + 2B)e" = te'.

Setting the coefficients of like terms equal to each other, we need to solve the system

6A=1
B=0.



The solution to this system is A = 1/6, B = 0. Therefore

lt?’et

yp:6

and the general solution is ¥y = yp + yp:
t £, L3y
Yy =cre + cate +6t e’.

Variation of parameters: From the homogeneous solution y;, = cief + cote’ we know that
y1 = et,yo = tet. Then

t tt
_ 10 g |0 te! | o
Wl_g Yol |tet et +tet| e
ol O] et 0, o
W=, g’_ et tet| =

Now we find wq, us:

Wl —t262t 1

I _ _ 2 _ 2 _ 3

Uy = W = e2t = —t = Ul—/—t dt——gt
Wg t82t 1

! _ _ _ _ 2

Therefore y, = w1y + ugyo:
1 1 1
yp = —gt?’et + 5752 . tet = Ynh =
Thus the general solution is y = yn + yp:

1
Yy = clet + cztet + gtset.



