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Answers

This page contains answers only. Detailed solutions are on the following pages.
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Detailed Solutions

1. Evaluate the line integral fc zyzds where C is the curve parametrized by x = 2sint,y =
t,z=—2cost, 0 <t <.

Solution. Since r(t) = (2sint,t,—2cost), r'(t) = (2cost, 1,2sint) and

[t/ (8)|] = /(2cost)? + 1 + (2sint)2 = V5.

Then
/xyzds:/ (2sint)(t)(—2cost)||r’(t)||dt = —4\/5/ tsint costdt = —2\/5/ t sin 2tdt
c 0 0 0

1 1 7f
=-2V5 (—2tcos 2t + 1 sin2t> ’0 = V5.

We used integration by parts to evaluate the integral. O

2. Evaluate the line integral fc F - dr where C is given by the vector function r(t) = ti+sintj+
costk, 0 <t <mand F = zi +yj — zk.

Solution. F(r(t)) = (cost,sint, —t) and r(t) = (1, cost, —sint). Therefore

/ F.-dr= / F(r(t)-r'(t)dt = / (cost,sint, —t) - (1, cost, —sint)dt
c 0 0

s s 1
:/ (cost—i—sintcost—i—tsint)dt:/ (cost—i— 2sin2t—|—tsint> dt
0 0

s

1
=sint — 100521& —tcost+sint| =m.

We used integrating by parts to evaluate the integral [ ¢sin ¢dt. O

3. Determine whether or not F is a conservative vector field. If it is, find a function f such that
F=V{.

(a) F(z,y) = e* cosyi + e* sinyj

Solution. P = e cosy and @ = e” siny. Then

oP - oQ
— = —¢€%siny and —e%siny.
dy 4 or 4
Since % %—5, F is not conservative. O

(b) F(z,y) = (Iny + 2293)i + <3x2y2 + §>J



Solution. P =Iny + 2zy® and Q = 3z%y% + % Then

oP 1 0 1
— =~ 462y%, and —Q = 6xy® + —.
dy vy ox Y
Since %—g = %—5, F is conservative and there exists an f such that Vf =F.

We wish to find a function f such that (f, f,) = (Iny + 2zy>, 322y? + §>
fo=ly+2zy° = f=zly+a’+g(y)
fy:3x2y2—|—§ = f=2%*+2lny+h(x).

Therefore f = 22y% +zlny + C. O

4. Let F(x,y,2) = y?coszi + 2zycos zj — xy?sin zk, C be the curve parametrized by r(t) =
t?i4sintj +tk, 0 <t < 7.

(a) Show that F is conservative. (Hint: use curl)

Solution. We need to show curl(F) = 0:
i J k
- 2 9 0
curl(F) = s 5y 5
y2cosz 2xycosz —xy’sinz
9 9 0 9 0 0
— Oy 0z 5 ox [%z . ox dy
2zycosz —xy’sinz Yy“cosz —xy“sinz y?cosz 2xycosz

(O sing - 2 (Dt sing - 22
_1(5‘y( xy” sin z) 62(2xycosz)> j (893( xy” sin 2) 8Z(y cosz))
0 0, ,
+k <8x(2xy cos z) — 8—y(y cos z))

2xysin z + 2zysin 2)i — (—y?sin z + y?sin 2)j + (2y cos z — 2y cos 2)k

(_
0.

Therefore F is conservative. O
(b) Find a function f such that F = Vf.
Solution. We need to find an f such that (fs, fy, f-) = (y? cos z, 2zy cos z, —zy? sin z):

fe=v9%cosz = f=uaxy?cosz+g(y,2)
fy=2zycosz = f=ay’cosz+ h(z,2)
fo=—ay’sinz = f=uxy’cosz+L(x,y)

Therefore f = xy?cosz + C. O

(c) Use (b) to calculate [ F -dr along the given curve C.



Solution.
/ F-dr:/ Vf-dr= f(r(n)) — f(r(0) = f(x%,1,7) — £(0,0,0) = 0.
C C
O

5. (a) Estimate the volume of the solid that lies below the surface z = z + 2y* and above the
rectangle R = [0,2] x [0,4]. Use a Riemann sum with m = n = 2 and choose the sample
points to be the lower right corners.

Solution. Ax = % =1 and Ay = %, therefore AA = AzAy = 2. The lower
righthand corners of each rectangle are (1,0), (1,2),(2,0),(2,2). Let z = f(x,y). Then

//f(:c,y)dA ~ (F(1,0) + F(1,2) + F(2,0) + F(2,2) AA = (14+9+2+10) -2 = 4d.
O

(b) Use the midpoint rule to estimate the volume in (a).

Solution. We did not change the division of our rectangles, so AA = 2. The midpoints
of each rectangle are (%, 1), (%, 3), (%, 1), (%,3). Then

I e (5) (313 (3] o

1 1 3 3
=(+2++18++2++18>-2:88.

2 2 2 2
O
(c¢) Calculate the exact volumes of the solid.
Solution.
2 4 2 2
2 4 12 128 (2 2
//(m+2y2)dydx:/ zy + —y° ‘dx:/ 4m—|——8 dx:2x2+—8m :ﬁ
0 0 0 3 0 0 3 3 0 3
O
6. Evaluate the following integrals:
4 2
@ [ [ (242) dya
1 J1 \y T
Solution.
4 2 4 2\ |2 4 9 1
// <x+y)dyd1‘:/ (xlny+y>’ dx:/ (xln2—|——>dx
1 1 \y =« 1 2z ) ly=1 1 r 2
1 1 4 11 3 21
= §x21n2+21nm — 5111:5‘1 = ?an — 51114 = 71112
O



1 1
b) / / Vs + 1 dsdt
0 0

Solution.
1 1 1
2 2ol 2 , ,
//(5+1t)1/2 dsdt = /75+t)3/2’ dt:f/ ((1+t)3/27t3/2)dt
0o Jo 3 3 Jo
2 (2 8
20204 pp2 2 ‘ ~ 2 va-1
3(5( 1) 5 o~ 15! V2-1)

7. Evaluate [[,(z +y) dA where D is bounded by y = /z,y = 2.

Solution. The region described is D = {(z,y): 0 <z < 1,22 <y < 7}

2\ vz 1 4
// (x+y)dA= // x—i—ydydx—/ (xy—i—y2) ;dx:/ (ac?’/?—l—;c—x?’—a;)dx
z 0

3

7 R R ’ _ 2

5 + 4 4 51lo 10
O

8. Evaluate the integral by reversing the order of integration:
1 /2
/ / cosz\/1+ cos? z dzdy.
0 arcsiny

Solution. The region described in the integral above is equivalent to 0 < x < 5,0 <y < sina:

sinx

w/2 psinz w/2
/ / coszy/ 1+ cos?x dyd;z::/ coszy1+cos?x -y
0 0 0 0

/2
:/ sinx cosxv/ 1 + cos? zdx, let w =1+ cos®z
1 2
:77/ Vadu = — 3/2’ _ (2\@71)
2

dx

O

9. Evaluate [[,(x +y) dA where R is the region that lies to the left of the y-axis between the
circles 22 +y2 = 1,22 + ¢y* = 4.



Solution. The region described in polar coordinates is R = {(r,) : 1 <r <2, T <9 <37},

37/2 3w/2 p2
// +y)dA = / / rcosf + rsin@)rdrdd = / / (cos @ + sin 0)rdrdf
T/ 1

37/2 7 37/2
= / (cos 8 + sin ) ‘ do = - (cos @ + sin 0)d6
/2 /2
7 . 37w/2 14
g(sm9 — cos ) e T3

O

10. Verify Green’s Theorem for f c x*dx + xydy where C' is the triangular curve consisting of line

segments from (0,0) to (1,0), (1,0), to (0,1), and (0,1) to (0,0) traversed in that order.

Solution. We need to verify [, F-dr = [[, (— - —) dA. We need to calculate both the
left integral and the right integral and show they are equal.

For the left integral: We need to break up our triangle into three different sections. Let C;
be the side of the triangle from (0,0) to (1,0), C2 be the side of the triangle from (1,0) to
(0,1), and Cj be the side of the triangle from (0,1) to (0,0). Then [, = [ + [o, + [o,-

(4 is parametrized by r(t) = (t,0), 0 <t < 1. Then

1 1 1 1.1 1
/ F-er/ F(r(t))~r’(t)dt=/ t4dt+t-0-0dt:/ t4dt:ft5‘ =
Cy 0 0 0 5 lo 5

(5 is parametrized by r(t) = (1 —¢,t),0 <t < 1. Then

/CF dr_/ F(r '(t)dt = /Ol(l—t)4(—dt)+(1—t)tdt:/01 (—(1=t)t +t—¢*)dt
-gu-’ +it2 #l=57573
(3 is parametrized by r(t) = (0,1 —¢),0 < ¢ < 1. Then
/CF dr—/ F(r(t)) -/ (t)dt = /010(—dt)+0-(1—t)(—dt):0.
Therefore L1 11 )
/CF~dr:5—|—§—§—g+0:6.

Clearly this method is tedious. Now we will apply Green’s Theorem. The triangle can be
described as D = {(z,y) : 0 <2 < 1,0 <y <1—x}. Then

8@ oP 1 1—x ) a -2
o 9 a4 = il —
[ (55 ia= [ [ (Gatew gyt o= / / ydyde
1,214 1 _ 2 _
B y* B (1—x) (- 1
_/0 2‘0 dm_/o y dr=g ’0_6'

Our two calculations are equal to each other, thus the theorem is verified. O




11.

12.

13.

14.

Evaluate [, c y2dx + 3zydy, where C is the boundary of the semiannular region D in the upper
half plane between the circles 22 + y?> = 1 and 22 + y> = 4. (You may assume that C is
positively oriented.)

Solution. D is the region {(z,y): 1 < 2% +y? <4} ={(r,0):1<r<2,0<0 <7} Using
Green’s Theorem, we have

/ yide + 3rydy = — // (6‘ (Bzy) — — )dA // (3y —2y))dA = //ydA
x
1 .2
:/ /rsin9~rdrd9:/ sin9d0/ r2dr:(—0059)‘ ~fr3’
0 J1 0 1 o 3 h

O

Use a triple integral to find the volume of the solid bounded by the cylinder y = 22 and the
planes z =0,z =4, and y = 9.

Solution. The solid can be described as E = {(z,y,2): -3 <2< 3,22 <2 <9,0 <z <4}
Therefore

3 9 4 3 9 4 3 9 3 9
V:///dV:/ //dzdyda:z/ /z‘ dydx:4/ /dyd:c:4/ y
E —3Jz2 Jo —3Jgz2 10 -3 Ja2 —3 l=?

3 23\ |3
:4/ (9—x2)dw:4(9x—>‘ = 144
-3 3 -3

dr

O

Evaluate [[[, zydV where E is bounded by the parabolic cylinders y = 2? and z = 32, and
the planes z =0 and z = x + y.

Solution. The solid can be described as E = {(z,9,2) : 0 <2z < 1,22 <y < 2,0 < 2 <
x +y}. Then

/// zydV = //2 / xydzdyda:—/ /2 a:yz dydx—// (z2y + 2y dydx
(B Y [ ﬂ?_z_i
_/0(2 3>x2d$_/0(2+3 7 3 )"

4 9pT/2 T g8 1 2 1 1

O

Evaluate [[[.(z® 4+ xy?)dV where E is the solid in the first octant that lies beneath the
paraboloid z = 1 — 22 — 2.



Solution. The solid can be described in cylindrical coordinates as £ = {(r,0,2) : 0 < r <
L0<H<Z,0<2<1~ r?}. Since 23 + zy? = x(2? + y?) = rcosd - r?, then

/2 pl pl—r? /2 1l 1,T2
/// (2° + 2y®)dV = / / / 3 cos @ - rdzdrdf = / / 4 cosf - z . drdf
E
w/2 /2
/ / (1 —r?)cosOdrdd = / / r* — %) cos Odrdd

m/2 2

T r7 |1 2
- LS 0d0 = — sin 6
/0 (5 7) ’oCOS 35 0],

15. Evaluate [[[,e*dV where E is enclosed by the paraboloid z = 1 + z? + y?, the cylinder
2% 4 y? = 5, and the zy-plane.

35

O

Solution. The solid can be described in cylindrical coordinates as E = {(r,6,2) : 0 < r <
V5,0 <60 <2m,0<z<147%}.

27 1472 27

/// e*dV = / / / e“rdzdrdf —/ /
27 27
/ / et 1)drdf = 27 (/ e dr — / rdr) ;o letu=147?
0 0
1 r2 V5

—9 u _ _ u

T (2 /1 du 5 1o ) T (e .

6—5) =m(e® —e—5)

1+r
drd9

O
16. Evaluate [[[, zyzdV where E lies between the spheres p = 2 and p = 4 and the cone ¢ = %
Solution. The solid can be described in polar coordinates as E = {(p,0,¢) : 2 < p < 4,0 <
0<2m,0<¢< g} Then
4 27 pm/3
/// TyzdV = / / / (pcos @sin ¢)(psin@sin ¢)(pcos @) - p* sin pdpddde
E
2 /3
/ 5dp/ sin 6 cos 0d0/ sin® ¢ cos pd
4 1 2r ] 4 w/3
= Gl pene]) Gt o]
=0
O



