¥ Solutions ¥

Tuesday, January 7th, 2020 Math 32B Worksheet #1 TA: Victoria Kala

Welcome to Math 32B! This worksheet is designed to help you become comfortable
dealing with and computing Riemann sums.

Problem 1 Let R = [1,5] x[1.5,3]. In this problem, our goal is to approximate the integral
/ / (xy +y) dA
R
using a Riemann sum.

Recall: the point of Riemann sums is that they approximate integrals by break-
ing a domain into regions, looking at the value of the function at one point in
each region, and then summing the volumes of rectangular prisms with those
heights. By choosing smaller and smaller regions to break our domain into,
the Riemann sums become better and better approximations of the integral
(regardless of which points we pick from each region). In our case, the domain
R is a rectangle, and while we could chop this rectangle up in many differ-
ent ways, the simplest way to subdivide it is to split it evenly into smaller
rectangles.

Here’s the subdivision we will use:
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In the above picture, R is split evenly in thirds along both axes (resulting in 9
total small rectangles) — the Riemann sum we will end up with is often called
S3,3. To compute S3 3, we need to go through the following steps:

e Choose a sample point from each small rectangle.

e Find the value of the function f(x,y) = 2y + y at each sample point.

e Find the area of each small rectangle.

e Compute the volume of each rectangular prism in the Riemann sum, and
add them together.
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(a) We'll begin with the first step: Choose a sample point from each
small rectangle. For this part of the problem, we’ll take our sample
points to be at the centers of the small rectangles. For convenience, we’ll

name these sample points P; 1, Py 2,..., P33 as follows:
R

o P s o P3 o Ps 5

e Py o Py e P35

o Py o Py o Pz

Your job is to find the coordinates of each of these points. For example,
we know that the lower-left corner of R is (1,1.5). Also, the width of
R is 5 — 1 = 4. This means that the width of each small rectangle is
4/3. Thus, the lower-right corner of the small rectangle containing P 1
is (1+4/3,1.5) = (7/3,1.5). The z-coordinate of P; ; must therefore be
the average of 1 and 7/3, which is 5/3. Try to find the y-coordinate of
P, 1; you should get 7/4. Now, fill in the rest of this table of coordinates:

P1,3: (%—Jg P2)3:(§'/'I‘;—) P3’3: (% /’7,)

Po=(51) | Pa= (212) |Po=(57)
£

Pl,l:(%vg) Py = (gl%) P = (’5’%)

(b) Now we need to do the second step: Find the value of the function

f(z,y) = zy +y at each sample point. For example, ¥ Veommend Using Same denvminabr
for cnveniene lakr

All you need to do is fill out the rest of this table of values:
“D(g,%)'— 'g'%'F%— l{§+%=% f(Pi3) = % f(Pa3) = ';‘,—,%_ f(P33) = )?Tb
’H%ll'il)= §%+%=% g‘—f’:% 72 109 Yy
4,(%‘%): %.%J(%:é_r%:% f(Pr2) = f(P2) = 7 f(Ps2) =1
'H%n%)‘ %%* %= %—+ e % f(Pi1) = 1*347% f(P2) = llel f(P31) = lnl—i-
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(¢) The next step is to Find the area of each small rectangle. This
is easy because all of the small rectangles are the same size! Find this

common area.

hedxoy =44 = £ (3)

(d) The final step is to Compute the volume of each rectangular prism
in the Riemann sum, and add them together. Remember: the
rectangular prisms have the small rectangles as their bases, and the values
of f at the sample points as their heights. For example, the rectangular
prism corresponding to P ; has volume

(area of small rectangle) - f(P;,1) = (answer to part C)§

Fill out this table with your answers:

g8 .2 _ 2% 132 2. 1% 1?2 _ 13p
T 3 s T3 g 2 3 " T¢
2.2 .2 108 2 _ 108 ﬂ,i:l'igf'
2 3 13 '_Izg‘"l— n 3 [
b2 st M2 8 . 2. 12
n 3 19 o 3 12 2 3 IR

Finally, add these numbers together to find the value of the Riemann sum!
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Problem 2 In this problem, we’ll estimate the integral

// zy? dA,
R

where R is still the rectangle [1, 5] x[1.5, 3]. This time, we’ll compute S4,3 using
sample points from the lower-right corner of each small rectangle. Since we're
computing Sy 3, we are splitting R in fifths along the z-axis and in quarters
along the y-axis, like so:
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We need to do same four steps as before, only this time you won’t have any

help.

(a) Choose a sample point from each small rectangle.
we’ll pick our sample points to be at the lower-right corner of each small

rectangle, like so:

This time,

R

P 3 Ps3 Ps3 Py3

P Py Ps Py

P P 1 P4 Py

Fill out this table of coordinates:
Py= [ <) | Ps=1(2%) P33 =(4,%) Pys=(5,2)
Pio= ()_,%_ ) Py = (3 1) Pso=(4, 1) Py =(5/1)
_ 3 _ 2 _ 3 _ 3

Py = (2_,;) Py =(2/3) Pyi=(4,%2) Py1=(5,3)
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(22)=2-(2)=2 % %
(22)=2-@)=2-%-%
PpS) =2 (8= 2%
f33)=3%=%
ACEAMER S
$13,3)=2 %: ?'T}r
P4, %)= 4% %

Pup gy utk =4
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(b) Find the value of the function f(x,y) = zy? at each sample point.
* Yewmmend Wity W[ Suve  denminader

f(Pi3) = % f(Pe3) = ?T,r f(Ps3) = Lg_o f(Py3) %r

f(Pr2) = % f(Pay2) = Li:/‘a f(Ps2) = %ﬂ F(Puo) = %o
g

f(Pi1) = L'f f(Pon) = %? f(Psq) = %1’ F(Pu1) = qu

(c¢) Find the area of each small rectangle.

A=0my= =4

(d) Compute the volume of each rectangular prism in the Riemann
sum, and add them together. You may use this table to help you if

you’d like:
§4- % [§4%F [Fi-% [ye-%
2
1 - 2 _ o4 by 80
2i-2 |yi-4 [wiq [p1ox
g = [1® 2.1= 22 3.1 - 36 uro | . U
[ B 4 2 8 gy 2 e v 27 e
9} R
G
4,3 =

(e) Let I be the precise value of the integral [ fR zy? dA. The whole point of
Riemann sums is that Sy 3 should be close to I. Do you think that Sy 3
will be smaller than, greater than, or exactly equal to I? It is possible to
figure out which it’ll be!

Y= A underesimale X p Oweohiyele y g is Undweanrale

heotanse of L(f m

Am a j / ¢ X
(f) It turns out that I = 1172934/12412 (punch this into a calculator). Was
your prediction in part e correct? Explain as best you can why you think
you were right or wrong.
T= )§2ﬂ = .y M appaximadon 8 dn ndoedmke.
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