Math 151A - Spring 2020 - Week 4

Today:

e Order of convergence

e Comparing iterative methods
Homework Announcements:

e Make sure to “submit” your homework on CCLE, not just upload a
draft

e Cite any important theorems you use and why you can use them

e For programming questions, make sure to write a short summary of
your result (e.g. “My code estimated p = 1.365230 with a tolerance
107° and initial guess py = 1.5")

e Export images as .png or . jpg, don't use the Matlab default .fig

e |f you submitted a code but it has errors, make sure to fix before the

€Xam
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If p, is a sequence converging to p with p, # p for all n, and if there
exist A\, a« > 0 such that

||m |pn—|—1 _ p| — )\
n— 00 ‘pn — ;i j ’
then p, converges to p with order a.

a=1 = linear convergence
a =2 = quadratic convergence
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Order of Convergence for Fixed-Point Iteration:

e Satisfy the hypothesis of the fixed-point theorem

o If p=g(p) and g’(p) # 0, then the fixed-point iteration converges
linearly

e If p=g(p), g'(p) =0, and g” is bounded in an open interval
around p, then there is an interval where the fixed-point iteration
converges at least quadratically
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Example 1. Last week we showed the fixed-point iteration x,11 = g(x,)
with g(x) = arctan x + 2 converges on the interval [1,2] with some
xo € [1,2]. What is the order of convergence?

X
¥ 9= arcranx+ + 90#) =¥ arhanX 3 =x
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Example 1. Last week we showed the fixed-point iteration x,11 = g(x,)
with g(x) = arctan x + 2 converges on the interval [1,2] with some

xo € [1,2]. What is the order of convergence?
X* =g(x*)
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. 2x3 +1 . .
Example 2. Show that the function g(x) = 3 has the fixed point
X

x* = 1. Given that the fixed-point iteration x,11 = g(x,) on the interval
[0.9,1.1] converges to x* = 1 with some xp € [0.9,1.1], what is the order

of convergence?

Fiked pna: q0*)= X~ Ge gt~
P ggtﬂ'* 2002 _ 3 =1V x*=| s a beed pont

O % 9
X) = 2y
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9 J



Math 151A - Spring 2020 - Week 4

. 2x3 +1 . .
Example 2. Show that the function g(x) = 3 has the fixed point
X

x* = 1. Given that the fixed-point iteration x,11 = g(x,) on the interval
. A~~~ .
[0.9,1.1] converges to x* = 1 with some xp € [0.9,1.1], what is the order

of convergence? [+ — x¥ |

Clwn % ConIGe quadratedy, ¥ =4(x*)
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b Taor’s Thowen viars 3 s benat W oo x* 96 [p4,11])
Yo ~¥ | = 1400)- 90| = 19° 08| gpon-x" 7
J M = \ﬁ“(%vm_g 19401 _ %7| >0
2

¥| > KN s
N3 [\~ l " 2 .
becowe G alse ConWrglo +v X™.

Merebet Xy = X" quad MHC‘\@J.
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Note: it turns out the last example was Newton's method with

F(x) = x3 — 1.
n4 'rg(Xﬂ = ?-}V)z/'l'_l_
=)
Nowkas metwed:  Youg) = Xy - ﬁ(fﬁ)
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= Xn= Yo
X0
= 3Xyg3 - Y’ L
3
= 2
L
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Order of Convergence for Newton’s Method:

o fe C2[aa b],,D S [37 b]

e If f(p) =0 and f'(p) # 0, then Newton’s method converges
quadratically provided we start close enough to p

o If f(p) =0,f(p) =0, (i.e. pisnota simple zero), then Newton's
method converges linearly provided we start close enough to p
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Example 3. Consider Newton's method of finding the root of f(x) =0
where f(x) = x?(x — 1) with some initial guess xo. What are the possible
roots this method could converge to? What is the order of convergence

we would expect for each of these roots?

roh: X (x-1)=0 . eXpeck Weor amwy\w
X:L\(-) X:u‘ju \ near %=0
Tl d S © eXplk quadiahy ornls

ny\e Simyple v
e \0 near X= |
Bry)= X2~
P BP-2x 410)= 3(0)°-20) =0 vk simple

PUO= 0P -2 =L smple
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For the last example, we run example3.m and newton.m with a
tolerance of 1016

o |f we start with xg = 0.1, our method converges to x = 0 but it
takes 24 iterations!

e |f we start with xg = 1.4, our method converges to x =1 in only 6
iterations.



Math 151A - Spring 2020 - Week 4

Example 4. Consider Newton's method of finding the root of f(x) =0
where f(x) = x? + 2xe ™ + e~%* with some initial guess xo € [0, 1]. Does
this method converge linearly or quadratically?

p) %)=
_P(\():: (X"’ e-X ) ’P(X) D,_xx .
(*+e™) 70
X*+e™" =0
\M

Ly = o (y+e¥)(1-€7)
PxX*) = 2l x4 +e7 )(I1- X ) =0
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Fgtx“) =x*
Example 5. Compare the Bisection,,\,F‘ix\g\ci,;\?i\r;cV, Newton's, Secant, and
False Position methods for finding the root of x> + 4x? — 10 = 0 on [1, 2]

with a tolerance 107°.

o See exampleb.m, bisection.m, fixedpoint.m, newton.m,

secant.m, falseposition.m

e Bisection, Newton, Secant, and False Position methods all use

F(x) = 53 + 4x2 — 10 X3+ -10=0
>
e Newton's method also requires f'(x) = 3x? + 8x X ¥l = ‘DO
| . 1 Uy = !
e Fixed-Point method uses g(x) = w/ﬁ y= [19
e [nitial guess for Fixed-Point and Newton methods: pg = 1.5 X+4
=2
e Initial guesses for Secant and False Position methods: 9100 %Y
po = 1.25,p1 = 1.5 (f(po) <0, f(p1) > 0)
‘ . 2 =
A)ed pivy. X+ UC-10=0 _9/()= 349t

L 1
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Summary:
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