
Math 151A - Spring 2020 - Week 6

Today: Interpolation

• Power series approach

• Lagrange interpolation

Idea: Given n + 1 points (x0, f0), (x1, f1), ..., (xn, fn) we can find an nth

degree polynomial P(x) = anxn + an�1xn�1 + ...+ a1x + a0 such that

P(xi ) = fi for i = 0, ..., n.
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Power Series Approach

We can build the following system of equations:

a0 + a1x0 + ...+ anx
n
0 = f0

a0 + a1x1 + ...+ anx
n
1 = f1

...

a0 + a1xn + ...+ anx
n
n = fn

This can be rewritten as the following matrix system:
0

BBBB@

1 x0 ... xn0
1 x1 ... xn1
...

...
...

...

1 xn ... xnn

1

CCCCA

0

BBBB@

a0
a1
...

an

1

CCCCA
=

0

BBBB@

f0
f1
...

fn

1

CCCCA

Goal: solve for
⇣
a0, a1, . . . , an

⌘T
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Example 1.

(a) Write a MATLAB code that will find an interpolating polynomial using

the power series approach.

(b) Using your MATLAB code, find an interpolating polynomial P(x)

corresponding to the data in the table below:

xi f (xi )

0 1

1 1

3 �5

(c) Use P(x) you obtained in (b) to approximate f(2).

(d) Plot P(x) you obtained in (b).
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Example 1 Solutions.

(a) See psinterp.m.

(b) P(x) = 1+ x � x2

(c) P(2) = �1

(d) See image to the

right
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Lagrange Interpolation

The Lagrange interpolating polynomial for (x0, f0), ..., (xn, fn) is

P(x) =
nX

k=0

fkLn,k(x)

where Ln,k(x) =
nY

i=0
i 6=k

(x � xi )

(xk � xi )
.

Error analysis: If x0, ..., xn are distinct numbers in [a, b], f 2 C n+1[a, b],

then for each x 2 [a, b] there exists ⇠(x) 2 (a, b) such that

f (x) = P(x) +
f (n+1)(⇠(x))

(n + 1)!
(x � x0)(x � x1) · · · (x � xn)
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Example 2.

(a) By hand, find the Lagrange interpolating polynomial P(x)

corresponding to the data in the table below:

xi f (xi )

0 1

1 1

3 �5

(b) Use P(x) you obtained in (a) to approximate f(2).

(c) Do (a) and (b) match the results in Example 1?

(d) Write a MATLAB code that will find the Lagrange interpolating

polynomial and verify your result in (b).
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Example 2. continued

a Lagrange polynomial I 1

PIX k fo t f LEKKI 3 l s
XoXi XoXD cxzxoxxzxijfZ

iiiiiiEE.it'i Y ite Io Y
f X 1 X 3 dXcx3 f XCX I

x21 1 same as Example 1

b P 2 Ig 2 17637
1221237 fo 2712 1

l Eg I 2 same as example1

c Yes
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Example 3. Let f (x) = ln(x + 1), x0 = 0, x1 = 0.6, x2 = 0.9

(a) Construct an interpolating polynomial of degree at most two to

approximate f using three points (you can use f (0.6) = 0.47 and

f (0.9) = 0.6).

(b) Find an error bound for the approximation.

(c) Would your interpolating polynomial be a good estimate for f (x)

away from the interval [0, 0.9] (e.g. at x = 5)?

a Mx LxXNX fo t H XoM f t fz
XoXiaoXu XiXoHi Kd

Eo i Ii4 Yio o.io i i i ii i.ioio

0Yfxcx.o.qi oo.zdyxlxoT



Math 151A - Spring 2020 - Week 6

Example 3. continued fix hlxt
xoiffib Emir Hx PIX fmt f cxxokxx.li X xn 0.6

htt 09

flxt PLXH fftblsg.tl CXo7lX 0.67lX o9

1fl3YxHfcxtlnlxthElff9x I g
61 91

fix CHIT
E f Imax 1 1

maxlxoidmaxhfo.gl 09 X

f lxl XH
2

co.p.gl 0109 a0.9

f 11421 11531
21 113

E lo9 do0.61 0 0.91

2,610.970.610.9



Math 151A - Spring 2020 - Week 6

Error analysis: If x0, ..., xn are distinct numbers in [a, b], f 2 C n+1
[a, b], then

for each x 2 [a, b] there exists ⇠(x) 2 (a, b) such that

f (x) = P(x) +
f (n+1)

(⇠(x))
(n + 1)!

(x � x0)(x � x1) · · · (x � xn)

Proof. Define g(t) = f (t)�P(t)� (f (x)�P(x))
(t � x0)(t � x1) · · · (t � xn)
(x � x0)(x � x1) · · · (x � xn)

.

g 2 C n+1
[a, b] since f ,P 2 C n+1

[a, b]. Observe

g(x) = g(x0) = g(x1) = ... = g(xn) = 0. By Generalized Rolle’s Theorem there

exists ⇠(x) 2 [a, b] such that g (n+1)
(⇠(x)) = 0.

0 = g (n+1)
(⇠(x))

= f (n+1)
(⇠(x))� P(n+1)

(⇠(x))� (f (x)� P(x))
(n + 1)!

(x � x0)(x � x1) · · · (x � xn)

But P (n+1)
(⇠(x)) = 0 since P is degree n. Solving for f (x) yields

f (x) = P(x) +
f (n+1)

(⇠(x))
(n + 1)!

(x � x0)(x � x1) · · · (x � xn).


