Math 151A - Spring 2020 - Week 6

Today: Interpolation

e Power series approach

e Lagrange interpolation

Idea: Given n+ 1 points (xo, fy), (x1,f), .., (Xn, f,) we can find an nth
degree polynomial P(x) = a,x" + a,_1x"~! + ... + a;x + ag such that
P(x;) = f; for i =0, ..., n.
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Power Series Approach
We can build the following system of equations:

ag+aixg+ ...+ a,,x(')’ = fb

ag +aixy + ...+ aan = f

ap + aixp + ... + apx; = f,

This can be rewritten as the following matrix system:

(150 . %) (:\ (2\

1 x1 ... Xx{

RURS L U R VY

-
Goal: solve for (ao,al,...,an)
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Example 1.

(a) Write a MATLAB code that will find an interpolating polynomial using
the power series approach.

(b) Using your MATLAB code, find an interpolating polynomial P(x)
corresponding to the data in the table below:

xi | f(x)
0 1
1 1
3 -5

(c) Use P(x) you obtained in (b) to approximate f(2).
(d) Plot P(x) you obtained in (b).
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Example 1 Solutions.

(a) See psinterp.m. j—
(b) P(X) — 14+ x— x?
(c) P(2) = -1

(d) See image to the
right
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Lagrange Interpolation
The Lagrange interpolating polynomial for (xg, fo), ..., (xn, fn) is

P(x) =) filn(x)

(x — x7)

where L, x(x) = (o =)

—>

e
Error analysis: If xg, ..., X, are distinct numbers in [a, b], f € C""}[a, b],
then for each x € [a, b] there exists £(x) € (a, b) such that

FImD(E(x))
(n+1)!

x-O

-~

f(x) = P(x) +

(x —x0)(x — x1) - (x — xn)



Math 151A - Spring 2020 - Week 6

Example 2.

(a) By hand, find the Lagrange interpolating polynomial P(x)

corresponding to the data in the table below:

Xi

f(xi)

0
1
3

1
1
-5

(b) Use P(x) you obtained in (a) to approximate f(2).

(c) Do (a) and (b) match the results in Example 17

(d) Write a MATLAB code that will find the Lagrange interpolating
polynomial and verify your result in (b).
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Example 2. continued i;___l’p\,_
(o) W%V\o{ﬂiag ’ |
pl(};?) %QX—XD(X ) f, 4 XX p e ex) o 32 |-5
(Yo ) (%Y%) (%) k) %’X"m X')
= -03) |, e x-3) )y (-0 (5
(v-\) (6~ 3) (1 D)(1-3) (3—0)(2‘-0
5
=l L en0¢3) - _Lxx-3)~ 7 X0e1) (
(73 (x-1)(X-3) : X(X-3) L
= =~x1+x+| (same as Example 1)
(b) P(2) < ) G- NG- 5)-~2(2~%7— 2 (2)(2)
= "l + | - T -2 = (5“”‘4 o EXomple 1)
L4 2 = ()

() Y
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Example 3. Let f(x) =In(x+1), xo =0,x1 =0.6,x = 0.9

(a) Construct an interpolating polynomial of degree at most two to
approximate f using three points (you can use f(0.6) = 0.47 and
£(0.9) =0.6).

(b) Find an error bound for the approximation.

(c) Would your interpolating polynomial be a good estimate for f(x)
away from the interval [0,0.9] (e.g. at x =5)7 No

(8) P(x) = M%) f 4 %Mﬂ ot (x—xow)c(~ Xl))g
TR R X Yo ) - \2) (x,-%)C r\z .
-0) -0 (X-0){X-06). p.,
¥k POO= (x-ob)yﬁ) £ e 0e0) oo

_0)©0:4-0.b)
BIGR (o/vaﬁ 0 0%)  (o-olbioa)  GA-D)®

0.b|0-U?

O;’\ 0 \ﬂ ¥(x-04) * 07; X(X-o.ﬂ
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Example 3. continued ‘P()O 7QALX+\> XU F"
(W) Bror 00700 = £ () 066) - O o%l
() 07

[ £0-P00|- \417’) (500)  (x-0)x-0:)X0) | )
3\

\f 0) (othen bt i
FO0)=dn Lxm Umo ﬂ .

)

0% (.an \ 09 "X
!e"os T\ Lt 2 W\E‘fi‘% x| b ba"«'f%"“"”
[POa[{200407|

¢ 2 1o1) lo-0-6} [0-04]
< 7

= () .
A~ = % (’O.q)(o.blo Q)
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Error analysis: If x, ..., x, are distinct numbers in [a, b], f € C""[a, b], then
for each x € [a, b] there exists £(x) € (a, b) such that

Fm(E(x

ey ) ()

f(x) = P(x) +

Proof. Define g(t) = f(t) — P(t) — (f(x) — P(x)) (t—x0)(t —x1) - (t — xn)

(x —x0)(x —x1) - (x — xn)
g € C"™1a, b] since f, P € C"t'[a, b]. Observe
g(x) = g(x0) = g(x1) = ... = g(x») = 0. By Generalized Rolle’s Theorem there
exists £(x) € [a, b] such that g™ (&(x)) = 0.

0 =g (&(x))

= F"I(E(x) = PUI(E(x) — (F(x) = P(x))

(n+1)!
(x —x0)(x —x1) -+ (x — xn)

But P""1(£(x)) = 0 since P is degree n. Solving for f(x) yields

_ Fm(E(x))
f(x) = P(x) + (7t 1) (x —x0)(x —x1) -+ (x — Xn).



