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Today: Numerical Integration

• Composite Rules

• Degree of Precision

• Gaussian Quadrature
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Composite Trapezoidal Rule
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Composite Simpson’s Rule
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Composite Midpoint Rule

Z b

a
f (x)dx = 2h

n/2X

j=0

f (x2j) +
b � a

6
h2f 00(⇠)

h =
b � a
n + 2

mesh x�1, x0, ..., xn+1 n even

Gmr

T grimsinink

or
myeloid
mesh



Math 151A - Spring 2020 - Week 10

Example 1. Determine the value of n required to approximateR 2
0 e2x sin 3xdx with an accuracy of 1⇥ 10

�4
using the Composite

Midpoint Rule.
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Example 1. Determine the value of n required to approximateR 2
0 e2x sin 3xdx with an accuracy of 1⇥ 10

�4
using the Composite

Midpoint Rule.
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Example 1. Determine the value of n required to approximateR 2
0 e2x sin 3xdx with an accuracy of 1⇥ 10

�4
using the Composite

Midpoint Rule.
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Example 2. Write a program to approximate the integral

Z 2

0
x2e�x2

dx

using the Composite Trapezoidal rule with n = 8, Composite Simpson’s

rule with n = 8, and the Composite Midpoint rule with n = 6.

See codes
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The degree of precision of a quadrature formula is the largest positive

integer n such that formula is exact for xk for each k = 0, 1, ..., n.

Trapezoidal rule has degree of precision 1.

Simpson’s rule has degree of precision 3.
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Example 3. A program was written that implements the composite

trapezoidal method to approximate integrals of the form
R 1
0 f (x)dx . This

program was tested on monomials of increasing degrees using double

precision arithmetic and the number of panels N = 1000. The results are

as follows. Is this program working correctly? Explain your answer.

f (x) Computed Approximation

1 1.000500000000

x 0.500500000000

x2 0.333833500000

x3 0.250500250000

x4 0.200500333333

Trapezoidalrule
Dop I not I
exactfor Axl I not'z
and fix _X

ft dx Xl I 0 1 program is not Wahab
correctly because not

fixDX Ix lot I 0 12 exact fr fix L fix X
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Gaussian Quadrature
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f (x)dx ⇡
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ciP(xi )

Degree of precision is 2n � 1.

xi values come from the roots of Legendre polynomials. Some Legendre

polynomials:

P0(x) = 1, P1(x) = x , P2(x) = x2 � 1

3

P3(x) = x3 � 3
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x , P4(x) = x4 � 6
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Example 4.

(a) Derive the 3-point (Legendre) Gaussian Quadrature to approximateR 1
�1 f (x)dx .

(b) What is the degree of precision in (a)?

(c) Show that the 3-point Gaussian quadrature can be used for

approximating
R b
a f (x)dx by doing a simple change of variables and

applying this to approximate

Z 4

0

cos x

x + 1
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b 3 point n 3
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Example 4. continued

(a) Derive the 3-point (Legendre) Gaussian Quadrature to approximateR 1
�1 f (x)dx .
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Example 4. continued

(a) Derive the 3-point (Legendre) Gaussian Quadrature to approximateR 1
�1 f (x)dx .

fun _x2 fix'dx XIII
afrtttecoy.ia.fr i2Ia

Icz3atcz
gIqtCztCz2 cz Kg 2

I 3 city
24 11 If flxldX2 fffE 185ft 1 Igf Ff
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Example 4. continued

(c) Show that the 3-point Gaussian quadrature can be used for

approximating
R b
a f (x)dx by doing a simple change of variables and

applying this to approximate

Z 4

0

cos x

x + 1
dx
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y bzaxtb.at

2

y b a X a

dy KID



Math 151A - Spring 2020 - Week 10

Example 4. continued

(c) Show that the 3-point Gaussian quadrature can be used for

approximating
R b
a f (x)dx by doing a simple change of variables and

applying this to approximate

Z 4

0

cos x

x + 1
dx
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Example 4. continued

(c) Show that the 3-point Gaussian quadrature can be used for

approximating
R b
a f (x)dx by doing a simple change of variables and

applying this to approximate

Z 4

0

cos x

x + 1
dx

bfmdfzafqffcbalt.FI btoy 8qffbtay a o b 4
u I fly cost

Igf lba1FsI
b x11
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4

0.2798850
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Example 5. Show that the formula Q(P) =
Pn

i=1 ciP(xi ) cannot have

degree of precision greater than 2n � 1, regardless of the choice of

c1, ..., cn and x1, ..., xn. (Hint: construct a polynomial that has double

root at each of the xi values.)

Suppose by antradichui that QLP has degreeofprecision
2h

Consider PIX x Xi X Xa X Xn whichhasdegree2h

f if DX a ftCiflXo
Since DOP 2h then f pcxtdx f.ciPHI
onRHS CiPui

on LHS f pcxjdx f.it xixXiTdx O
ZO

Antrudillin 070 Therefore DOP is at mist 2n 1


