
Math 151A - Spring 2020 - Week 8

Today: Numerical Di↵erentiation

• Examples deriving formulas

• Applications to di↵erential equations

Announcement: No o�ce hour on Monday, May 25 (Memorial Day)
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Example 1. Prove the following forward di↵erence formula when f is a

smooth function:

f
0(x0) =

f (x0 + h)� f (x0)

h
� h

2
f
00(x0)�

h
2

6
f
000(x0) + O(h3)

Taylorexpansion about a

full flat filakkal t f f x a 2 t
f f x a 3 t

Expand fNoth about Xo

fNoth f Xo t f ko Xoth Hot th x

f Hoth Yo13 t

fNoth f Xo t h f'tXo th f Xo t31 f Xo t 01h4
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Example 1. continued

f
0(x0) =

f (x0 + h)� f (x0)

h
� h

2
f
00(x0)�

h
2

6
f
000(x0) + O(h3)

3
fNoth f Xo t h f'tXo th f Xo t31 f Xo t 01h4

hf Xo fHoth f Xo HI f Xo hz f Xo 01h4

f Xo fLXoth1jf hz f Xo 44 f Xo t 01h3 V

I
order 01h
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Example 2. Let u(x) and a(x) be smooth functions. Determine the

order of accuracy of

(ai+1 + ai )(ui+1 � ui )� (ai + ai�1)(ui � ui�1)

2h2

as an approximation to
d

dx

✓
a(x)

du

dx

◆ ���
xi
where h is the mesh width,

xi = ih, ai = a(xi ), and ui = u(xi ).
h Xin Xi th

Xi t Xi h
Xi i Xi Xi11

Taylor expansions

alxiti aHit 1 a Xi Xia Xi a xil exit Xi 1

a With aWit tha ki t hz a Xo t 01h3



Math 151A - Spring 2020 - Week 8

Example 2. continued

(ai+1 + ai )(ui+1 � ui )� (ai + ai�1)(ui � ui�1)

2h2

awith ahh't tha Hilt hz a Xo t 01h3 c

Ait l ai th ai tha't 01h3 Xi i Xi

Hitt Ui t hui HIu och3 Xi t Xi h

alxit alxilt a'kill Xi i Xi taxi Xi i ki t
a Xi ha Xi tha Kil 01h3

ai i ai hai th ai och31
Uit Ui hui th ni t 01h3
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Example 2. continued

(ai+1 + ai )(ui+1 � ui )� (ai + ai�1)(ui � ui�1)

2h2

Ai11 ai th ai tha och3 ai i ai hai th ai toth
Hitt Ui t hui HIu t 01h3 Uit Ui hui th ni t 01h3

Plugin
1 Gait hai th ai t 01h37 hui th Ui 10432h2

Zai
01h3

2h4 ZaiHui't KaiUi th ai ni't 01h3

ZhaiUi Kai Ui h ai ni't 01h3



Math 151A - Spring 2020 - Week 8

Example 2. continued

(ai+1 + ai )(ui+1 � ui )� (ai + ai�1)(ui � ui�1)

2h2

ddxfalxldduxyxidlxilukxi
alxiluitxi
au.hu

zae.nu th2aiUi th ai ni't 01h3 qui

zhi Kai Ui h ai ni't 01h3

Thz h ai Ui th ai Ui t h2aoui th ai Ui t01h31

th 2h2ai Ui t 2h2 ai Ui 1043

aiUi t ai Ui t 01h

orderochi



Math 151A - Spring 2020 - Week 8

Example 2. continued

(ai+1 + ai )(ui+1 � ui )� (ai + ai�1)(ui � ui�1)

2h2
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Example 3. Consider the boundary-value problem

y
00 = q(x)y + r(x), for a  x  b, y(a) = ↵, y(b) = �

Using standard centered-di↵erence approximations for y 00(xi ), derive the

system of equations whose solution can be used to approximate the

solution to this problem. What is the order of accuracy of your

approximation? I
TT

Xi I Xi Xi11 Xo X k Xs Xy
n y

Taylorexpansions

ylxith ylxil ykxillxitl xil yxikxit
xu.pe

2
Y Cxiti Xi 1

Yitt yithyithfyi t h yi t 01h
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Example 3. continued

y
00 = q(x)y + r(x), for a  x  b, y(a) = ↵, y(b) = �

Yitt Yi th yi th yi t hiyi t 01h

Yi t Yi nyi HI yi hjyi t01h

Yiu tYi i 2Yi th Yi t 01h4

h Yi yin 2yity i i 10th
T2 T2 T2

yi yitt 2bi Y.tt 01h lorderolh4I
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Example 3. continued

y
00 = q(x)y + r(x), for a  x  b, y(a) = ↵, y(b) = �

xnY
gigitri

a b

Yitt lgih2t27yityi 1 yo_ylXo yla a
ri

42 Lyn _y xn y b p

i ys 4hn Yo ri Y Ghnt2I n Fa
jeez yz qzh2tHyztY rz

E2,3 in 2 Ts qnihthyn lyn.se

En l yn 9h4212 YnttYh2 rn h n

Tz ru i E
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Example 3. continued

y
00 = q(x)y + r(x), for a  x  b, y(a) = ↵, y(b) = �

yit Y rih2

r A
GiFa th y h2

Vz

f Htt

ht Guz tha th yn2 rn 2

j guy Yn11 rn I F
T Ta

y talk Y2 hn
t2 h F yz lqzkthyatyi e.rs

42
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Example 3. continued

y
00 = q(x)y + r(x), for a  x  b, y(a) = ↵, y(b) = �
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SIR Model: The SIR model is a simple compartmental model. The

model consists of three compartments: Susceptible, Infected, Recovered.

These variables represent the population in each compartment at a

particular time. The SIR model can be expressed as the following system

of di↵erential equations:

dS

dt
= ��

IS

N

dI

dt
= �

IS

N
� �I

dR

dt
= �I

R0 =
�

�
is called the “basic reproduction number”, i.e. the expected

number of new infections from a single infection in a population where all

subjects are susceptible.
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Example 4. Using the forward di↵erence formula, program the SIR

model in MATLAB. Try di↵erent parameters and initial values.

dS

dt
= ��

IS

N

dI

dt
= �

IS

N
� �I

dR

dt
= �I

Is Fawaddilemma
11 1
to ti i th f f fi

h
Siti Si
Ilti Ii
Rbi Ri ForwardEnterMethod

Siti pTini Siti Si

hpfinititlhI ptindi zti Iiti I.tn pIEni7Fi

RitfRi g Ii Rit RithJIi


